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t% is viU>lBMMi tiMt M fliperator f « i « imach spae* 
I I t InRfarUbXa i f and only i f i i iux| t < I t vlMra I is t te 
idanti^y aparafeor an B* Rtpiaeiof tba rela of t te laaaoH 
algabra U s ) af boundad l iaaar aparatara an £ i a tba atora-
MStianad raauit toy aa arbitraxy ftaaaaii ai<«bim with idantitjr» 
tma raauit Hada ftur raaehti^ gaoaralisatioaB. TM.a a l i n a 
af tlia l«(B)»aituation to arbitnury faaaieik aigabraa at^^aata 
tiM paaaibilitiaa of axfeaodiiii varioiM aotl«na and raauLta 
kMMi for tim alf«ibni L ( K ) ia ttaa aattiag af asbltraiy 
•aiMBik aigabraa* Xadaad* a baiinBtHi in thia diraatien waa 
aUasHF aada hf N. fftraoDdiieli i a 1990 ! • IMT vMli [ la] as 
'caapiataly nniitfmiii alaMnta 9t a aagaad ffti«*. llda 
•tiidtr «aa earriad furtbar by &. Vala [291 i n 19€7 and a 
raar latart alaaat aiaiiitaaaoiiaiy, by K« ItUaatt £27] and 
1«C« Alawad«r [ ! ] • iiara tlMgr diaouaa ea«i>aet aHanaata ia 
cartain Banaali al^abraa and in tba prooaaa pnff aaaa 
•igaifiaaat raauita i a tbia mof gmmnX aattiog. Oaa af 
tba aaat ibpartaat raauita in tbia diraetioa waa prevad 
by I . OiavA [as] i a 1972 wbUb atataa tbat tba aa^paot 
(rtap* finita-diaaaaiaaal) alaaaata ia aa axtitrary C*« 
altabra A ara praaiaaly (praiaagaa ot) tba aao^paat (raap. 
f in i ta IM aaaitanal) ap^ratara aa aaaa ilLIbart apaaa H uadar 
a auitabla faithful * -iaaaatrla rapraaaatatioa ot A mmr 
%• Ob tba otbar baadf tba notion af a traoa-elaaa aparator, 
vbiah MM at tba baaia af MatbaaaUeal fbundaUaaa of 
( I f ) 
Wthaiito « i «ariMi«d \»f J« voa HtiaMMi, tea also 
tiM •Uh^Vaiattar of aetlvi rMMrali in oas« of 
• • r ta la 8«B I» I I AlgoHnw* In tids eoaaaetioii PilMl [20] t 
vhLI« eanylag out this Xiao ot InrootisatioB* provos o 
•tiHOns onalofyo of tbo faaous LldakiJ'o tbmwwm on tlM 
•igOBraltaot of aocloar operators la HUbart ^paeoa. 
Raoantly t* A»Ulm ani K.8* R«aamijM £51 Iwra doflaad 
iMProalBatloa aoAara of alaoMota l a Basaoh al f abnui aad 
iHnrat l a tua proeaaa, astablialMd a raottitabla aaalacwa 
• f ttm ealitoratad ^aet ra l ftaaanpaattlan t h a a r i l a tha 
eoataxt of C^^alfibraa* 
Cha praaant dlaaartatloa aakaa aa attaapt to offar a 
•MWlaa &BA aallwrit traataant of tHa aotloaa wd raa<Ata 
« i tiia akanra atftjaet-aattar aaattatad l a tiM Utaiatara* I t 
•aaalsta of four elM^toM aad aaaH ataaptar eoo^naaa varloiaa 
aaetlaaot Um aaetloaa ara aiwfctiait l a tiia apiar l a vhlaa 
tiMQr oeour* 
l a aiMVtar Zt «a bara dasarlbad tiMaa prallalaary 
•oaa^ta wiHali ara uaad throufthout tha ta«t« Ihla etiaptar 
l a prlaarlljr alaad at aaklag ttoa praaaat dlaaartation aa 
aalf-eoatalaad aa poaaltola* 
diaptar ZZ laaoiporataa tha aotloaa of eoaplatal/ 
eflatlaMaua» oo^aet aad vaakXy eo^platally eootlauoua 
alaaaata l a t l » aat t l i^ of Baaaali alsabiaa and I t IM« faur 
( • ) 
•«0tl«Bs* M i l l * t te f i rs t S M U O B pi«8«itts • teisf suanrigr 
of th« a3»9f9 MntioMd • i m i ^ t i , S«eti«a tmmA i s asvoitsdl 
to ttM study of eovdstsiy oonttiiMsiis s l i i t s sf norasi 
sifsbrss ss introduesd iy H. firsundlieli. l a ttas third 
ssstien oo4ps0t sXsMBts 9t aonMd sigc^i^s in t te ssnss 
• f K« Vsis li«r« bMa Ukm* Xn t te XMt sssttsn of this 
ehsptsr s^ttivsIoBes of t te aetioss of eoapostasss and vosk 
•sm^oto eootiauity of oIoo«its ia t te easo of c'^-alc^rss 
Cteptor XIX oa^^sos throo sootiaas, vhsrs t te 
•tttaas of siQgla, f ia i ta* SBA auelaar aloaoats haro teaa 
diasussad. t te f i rs t soction baiag iatroduetaty. sossod 
•astiso trsate aiaglo olaasnte sad t te Xaat sasUoa of this 
dhiptsr dials idth f in l ts and aueloar olsafttla in t te 
situation of oortala laasith algterss. Aaslotaus to t te 
elassieal situstioa i a siporstor thaary wa dofiaa t te trsaa 
af tteaa alaaaats ia t te aasa of soaa soitablo Baaash alfob: 
and aatahlish a Ud^m^tjff rssolt on t te tfaea of a l s a i t a 
i a C''«al<sbras. 
Tte last ehsptor doals with t te problsa of ebaiaatoiw 
ia iat oospsot oloswats i a a C^-alfohrs A as proiaagos of 
aatetet aporators on a Hilbort 9saa H via tte oxistaasa 
af aa "^  «4saaotrie rsprsssntatioa of A ovor iL This t rv* 
af aharaatorisatisa has also boon givoa i a oaso of f in i to -
(n) 
diucrtaUoa tods ttLth m mmlX WMXogrmgi^ 
wlileh by ao mmaa i s MtMMttlv* but coatAios aostiy tiip»> 
r«f«r«noM wDUh art jr»X«rr«d to in tlw tiVfe* 
(VII) 
8R> I 
UX M^MMUBTiQii t TtM piMpot* of this em^tcr i s %• 
iatrodi«i« tesio eone«ptS9 pnXLmixuof notiflos uad soa* 
•^KlMigBtrt rMtfltt wUeh wlU MIT* «a • rMdy r»fstnae« 
to tii« pr«r«quiait«s for tiM d^yloipMant of tho oviijoet 
•rturtiod la tlM pi«Mnt dlotortatloo, Oal/ tiwoo tt«%i«M 
•ad rosults Umt baro booo oood In tlia lator e&^pton 
af« prMoatod in ordar to aako tiM toxt oolf eontalnod 
as far at pooslbla* t9r aoot of tlia ao.t«rlaI la thlo 
afe^tor* wo rofor to Ounford «ad sotaarts [I0]» Larooa [14], 
Hotaeb (ildf U9])f Rlelwrt £21] oad Xakosakl [32]* 
to bida «lta «• bar* tlia followlat i 
•^2«X WHUIBWf * ^ aissbn A ovor a flald IK (• Bl or C) 
Is a Uaoar ipaeo avor X aqpilppad wltn aa associativa and 
dlstrlbutlvo binary oparatlon oaUad aaltlpliostlont satis* 
tfiag tbs foUowlns condition i 
a(]gr) • (s3c)y • xCay)* for araty a s K snd x,y c A 
A Is said to bars an Idsntlty 
4» A attsJH tliat as • ax • a for 
U2*2 fjunamon t AA 
If tbsro oxists aa alaaant 
o U X In A* 
A Is said to ba a 
for ovary x^  y la A. 
aaaaiitatlvo alfiibra If xy • yx 
X«2«5 nmma^^a^ t L«t A b« an algebra nmh t t e t A i t • 
ttoncd iipao* M U t f / l o i t te i f l t t f l t c a U y laa^tiUit / 
l l^Vll 1 11x11 I i / l l . far aU « , / i a A. 
aMB A la aaid ta ba a oaiwaA aicabra* 
A aoo^ata aoraadl algabra ia aaUad a aaaatJi algabnu 
^•2«4 ^^y:^if)^^yi t i«at A ba aa algabnu Tban iczk U 
•aid to ba a i a f t Crigbt) idaal in A i f X ia a lioaar 
aMlii»>ea of A aoah tbat x l d X(Xxc= X) for aU x a A i 
X c: A ia aaid to ba a two-aidad idaai (or ai^^y aa idaal) 
i f X ia batk a Xaft and a rigbt idaal in A. Aa idaai XciA 
ia propar i f X ;^  A» and a propM* l a f t (rigixl* two-aldad) 
idaal X ia aaid to ba a«xiaai i f , wiianavar J c : A ia a l a f t 
( f i f l i t , tvo<-aidad} idaal ia A a^ab tbat I d J , thm aittaar 
X • J or J • A* Vterttaaraorat X c: A ia attid to ba a ailb* 
aMtabra i f X ia a l iaaar aubapaoa ausb tbat j^y a X 
i^pliaa IV a X« 
Siridantiy avaiy idaai ia aa aigabra A ia a aub-
ai§«*fttt and ia a aaaautativa aigabra a l l idaala ara two-
aidad. 
I Aa aigabra vitbout aa idaotity eaa ba aafcaddad 
lata aa aigabra witb idaatity-
l«2«9 QgyXMgOM i Lat A ba an algabn witH idaatity a. 
AB alaaaat x a A ia aaid to bava a l a f t (flgbit) Imraraa 
I f tli«r« ttclttt soa* y t A nmh tiMit jrx • • (iqr • •>» 
wa»r«M X i t M id to ttaif an iiinr«rs« iX tii«r« •xtsts 
»omm f € k tuAh tiMit i^ • fx » •• X f x « A bss an invars** 
tiyaa x ia aaid to ba a unit (ra|vilar» or ianrartibla)» 
athafwiaa i t ia aaid to ba aii^ular* 
^•<** MWMMjqa t An idaal in an aliabra A gaaaratad by 
an alaaant of A ia ealiad a principal idaal* Ttoa princi-
pal idaal caaaratad to/ tlaa alaMant r in A v i U ba danotad 
tor { l i . 
U2.7 mtPmmow t i.at A ba an al«abra. A i a f t (r i«l it , 
tifo»8idad) idaai I in A ia aaid to ba raguLar (aoditlar) i f 
tbara axiats aoaa u c A aviab tliat xa - x a X (ux - x t X* 
fltt «• X « X and ux • x c X)* for a i i x in A. 
>'«<«^ BiHil'nQ'f * A two-aidad idaal i a aH aicabra A ia 
ealiad priait iva i f i t ia tba qootiant of a fnaxtaal raguLar 
Xaft idaai. Tba aitabra A ia aaid to ba priaiUva i f tna 
sara idaal ia tba priait iva idaal* 
1*2*9 QJglliXlKai i An idaal X in an algabra A ia aaid to 
ba atnlaal i f i t ia diffarant frea (o) and doaa not contain 
properly any idaal otbar tnan (a ) . 
I.at (X;;^! A ^ A ) ^ « faaily of I a f t (rislit) idaala 
i a an aicabra A* Xbaa tba aaaUaat I a f t (rlcbt) idaal ia A 
vbLab centaina avary X^ ia aallad tba aua of tba idaala 
^-A. 
I|^ « Xtt an tal^ttrarf algtUffm At tht sm of tn* alaUttl 
l « n (right) IdMls U e«U«l t te l « f t (rigHt) soolo of A* 
I f A teoo aot eoatola aialaol lo f t (riglit) idooio ttam t&o 
ooelo of A io dofisod to t>o 9qmX to (o ) . I f tJMi Xoft toeXo 
i o oqMal to tDo tight oooiOf i t i s BimgXf eaUod ttm ooolo 
of A* 
1.2*10 aUAL AlAtKUq t Lot S ho on orbitrory ouhoot of oa 
9X$9lbt% A ood l o t 
A£(S) • Cx « A t xS • (o)} 
A^«) • (X 0 A I IX « ( • » • 
TOM A^(8) i s eoUod tho l o f t aaaihUotor oml k^in) tho 
fight onaihllator of B. A lo f t idool I. i s eoUod • l o f t 
•BBihUfttor idool i f i t hoo tho fonn L • A^(E) for SOM 
•ot SCA* SiaUorly, o rigHt idool of tho foni A^Ct) i s 
osllod a right anoihilator idaal* I t i s oasUy soon that 
on idool L i s o l o f t oaaihilotor idool i f and only i f 
L m k^{k^{L))» BimiUAf^ R i s a right aaoifaUator idool 
i f oBd only i f H • A, (A^(R))« fiaaUy* vo aoto that tho 
l o f t ( l ight) oHiihilotor of a l o f t (right) idool i s o t»o-
oidod idool* 
It mmtf closod ( loft or right) idool in an algohra 
A i s on onaihllator idool* thsn A i s oollod o dual o l g ^ n * 
^•2«U f y i » « Q » I l^t A ho o aomod olgHhra. Thsn x t A 
Is said to b« ailpot«at i f tlMr« Mdats SCMMI nco^Oigatly 
lat«g«r a tuBii tliat a^  • Of and x t A i s ssid to bs 
tiP«l«CU«Uy nUpotsot i f U« | ii^li^^ • o* 
a 
AB sisatat s in s norasd slgsbra A is said to bs 
irtaapstaat i f a^  • a» aad an irlsByataat a attth tiiat eAe 
i s a diviaioa aigabra i s said to ba a aiaiaai ida^^otaat* 
Ywo idai^otaata a^  aad aj aueb tbat a||^ a2 • •2'*x * ® " * 
said to ba ortbogoaai* 
Xa ordar to eoneluda this saetioa with Gal'fsad 
Mprasaotatlon Thaoraa^  w aaad to stata soaa aora dafinitii 
aad rasuLts* 
1.2.12 aPiaiyiON i i«at A ba a aaraad alfabra. A 
pbisa T of A onto C i s said to ba a oosyiax boaoaorpMsa 
(aHLtipIieativa linaar fuoctioaai). 
Ricardiai ooaplax hsaoaorphisaa aad aaxlaal raguLar 
iiiaals in a ooaautativa Baaash aigabrs A, wa bova tba 
foUaviag t 
1»2»13 filinMii [14] Lat A ba a asaautatitra Baaash algabra. 
( i ) If -I ia a eoavlax hs^ ciacrpMaa of A* tbaa t ia 
eaatlaueus aad ) (t) | ^ !• Hngtufw, i f A baa aa idaatitr 
a aad jlali • 1, thaa i\%\\ • 1. 
( i i ) If t ia a eoaj>Iax baaoaaipbisa of A* tbsa H « t'^(a) 
( i U ) If N c A i s « aaJdJittl i^aLar idvaO.. tfiM tiitrt 
•xLsts • yolqiM oai^«x hoaoaorphlMi % ot A wmh tlMt 
i-*(o) .11. 
(iv) tbm «oir«spoad«Qe« b«tw««i eo^i«x l»aoaerpht«a« of 
A (uaA ttom —rt—1 regular idwl i in A dotoraiawl b/ parts 
(U) and (Ui ) ia bi^aeUva* 
1.2»i4 pflMilliai • L9t A toa a eoaaiitativa Baaaeh al«abra« 
tiMtt tte ooilaeUaa of aU ttaa aaidaal rtKULar idaala M ia 
A (danatod by A(A)> ia eaiiad tba aasiaal idaal apaea 
(atruoturo apaea) af A* 
i«t4i »^MrDiITIOII t Lat A ba a aoaaataUva Baaaah aU^^ni* 
Tha Gal!faBd tapaiagy on ^ A ) ia dafiaad to ba tha ralativa 
waak'^ -toipaiQgy on A(A) eonaidand aa a aubsoc of A ,^ tba 
B^mbm of eoatiaMMB liaaar foaetiaiiaia aa A» by aaaaa af 
ttm biJaeUva aap t —> t*^Co) in (XV) of tb« 1.2.X3. 
m& aaiiant propartiaa of tiM idaai apaoa A(A) with 
tiM Oallfbnd topolagy ara giv«i by tba feiiovingi 
i , 2 a 6 Wmmm t U t A ba a ooaMtativa Bviaeh aU«^ra« 
( i ) If A baa an idaati^* UMI A(A) witb the Cal'fand 
tjpalagy ia a eoipaet Baiiadarff tqpalajlaal apaea* 
( i i ) Zf A ia witnaot idanUty, than MA) with tha Oai'faad 
t^oJLog/ i t a Xoeaily efl^paet Hausdorff topoiogioal 
ipM«» and ^A£a]) with th« Oalfaad tocology is ttai 
poiat eaivaoUric«U«i of A(A)t vter* A[«] i t t to 
•Igi^ra obt«iat4 by adjololag an idantity to A, 
l a ordar to rtpraaant a eoaaatativa Banaah al«abra 
A iHaaaaipMeaUy aa an a l iabn of o«it&ayi«a fMttioaa aa 
t te loealXy coaipaot tluMAortt tpaea ^A)» aa apfropriata 
aappiag froa A to tha eoatiaiMut fiaietioaB oa a(A> ia 
daCLaad aa foliewa t 
l , 2 . i 7 mmwn^ t U t A ba a oeaattlaUva BaaaoH aifabra. 
Zf a c A* tiMa x wi l l daaota tha ooaplax valuad fuactioa 
daflaad oa ^ A ) ky aLM) • x[ i '^(o)l • t ( x j , x t a(A>. 
(Uara N is again idanUfiad ai th f toy aaaaa of U in 
FolioifiiiiK ia tat Gallfaad Ropraaaatatioa TMtoraa i 
i«2«iS JBUMB U^] (Ool'faad RoprdtaateUoa Xtoaoraa) i 
l»at A lia a ooaaiitotiva BaaaeH algatora* Tba *aappiag x — P X, 
X i At dafiaaa a haaoaaiyaiaa of A aato a ai*alcatora A of 
C^ (MA»» waaro C^(A(A>) ia t te aXgabra of a l i cootiauoua 
ao^pioa-vaload fuaetioaa oa M A ) that vaaiah at inf ia i ty 
Norwovar* A atipaMitaa tte paiata of A(A)« and i f A liaa aa 
idantity* tata A ooataiaa tlia oonataot foneUcAa* 
far a aaaaalativa Baaaeh algatora A» tha aappiag 
X —> Xt X t A i s Mid to b« tbm O^alUnd tmmtormtlam 
•MA i f tbm 0«l'faad tnuisforaatiea on A i s ia4oetivo« 
A i s Mi4 to te toaiolnylo« 
^•2*i9 OyMltlQli t For a eoMutoUvo BMMH alfo^fm A 
tiM ndioal of A* doaotod fef fUid (A), i s dofiaod as ths 
iBWrsoeUon of sU tlis asxUsl ngulsr idoals in A| tbst i s , 
NSMA) 
If MA) • I tbSB R^ (A) i s idoiiUfiod w i ^ A» sad in this 
osso A itoolf i s said to bo a rsdioal algsbra. 
i«5«l OMnmitlCM I l^t A bo a Baaaen aiftobra* Insn A i s 
•aid to bo a Bwash aigobra witb inroiutiaa i f taoro oxists 
a aapymg >« i A -• A sueb tbat for ai^ x» y s A and a s C^  
( i ) (x^jri* - X* • y% 
(U) (ax)^ • 5 x% 
(iu) (jv)* •r*x% 
(iv) (x*)"" • x**« X. 
^•^2 gjfmUQW t 4.st A and B bo laaaob al«obrss with 
involutioaa ^ and • , roapootivoiy. A 
f I A —> B i s said to bo a *>>iow—Plightsa i f 
f(a*) • f(x)*, X c A. 
k munmh aif «lm A wltb imroilaUea i t Mid to b^ 
a B '^-sIgtbrm i f Ifx '^xli • l ixH', x c A. A aom-elMcd 
•(*alf«br« of U H ) vbioh i s eioood with respoet to tuo 
invoLuUoB T —> l"" i t oaUod a C^-aIc«bra. 
nHftffl t aroiy c''«aLfobrt i t • B '^-aigtbra and araiy 
eoapiax B^-alg^rt i t itoaatrlcaUy ^-4.toMiplde to a 
1«3«3 SgOMSSA * ^ ^ A ba a Btnaeh alsabra with iovolu-
tiaa. Aa alaaant x « A i t taid to he taLf-adJoiat 
(hanitlan) i f x^ 'v x» and an ida^pottat p ttieh that p^ • p 
i t eaUad a projtetioci* An aLaatnt x t A tuah that 
xx"^  • x^x i t eallad aeraal* 
I«5«4 ffi ^JgfmfBWMTASKMB i Lat A bo any algahra ovw a 
fiald F» Lat X ha a liaaar tpata orar tha stao fiaXd P 
aad daaata hy U l ) tha aisahra of aii liaaar traatforaatiaaa 
• f I iata ittalf, Th«i mi^^ hiaiairyhtta of A iata tha 
aigahra L(X) i t otllad a rtprtaaatation of A in UX) or on 
X* Tht roprtttntation i t cailad faithful i f tte htaoaer-
phlta i t aa iaaaorphita. If tha fiaid i t m im we ) 
and X i t a nonwd iinaar tpaoa* than a htntnoiyhitn of A 
into tha algahra B(X> of aii hoondad linoar trtntforaationa 
of X into i t ta l f i t oailad a noraad rapraaaatation* Par 
tht oata of a nonud aigahra tha tai« rtpptaaatatita will 
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or m oorMd algcbrt A oo X ! • said to b« (i«iir«na/) 
•oBtlmnui or liouftd*! provldod tlioro oxiots « eonotont 
e sdBh thftt iJTftii ^ eliftli for all a « A« 
XA jUw ••WMl «• BismXX bo priiMriAy corjeorMd vitii 
tlM r^prooMtiitUot of a«iioeh aLgobnui vita iardLatlono or 
«^«Lgobr«Off tlMTofOro la Xhm eoatoxt of ouotx olgobmo 
tiioro Is at^la • proiiHt <MMd to roferoMloto tlio obovo 
doHnitloo of o mproooBtation 1» aoro o^Mllclt torso. 
1*3*^ pymiTIOIf t U t A bo 0 BoAaoh ol«obni with ixvrolaUoa. 
A r^proooototloa of A lo • ^ i^MMaeiptalsa o of A lato tbo 
e^-olsobro Ufi) of all boundod llnoor «poff«tMro on o gktmi 
HUbort opoeo U. Tbo Hilbort opoeo H is eollod tbo ropro-
MBtotloa ipooo of <• Suoh o roH^ooatotloa lo oivl lblt l / 
iadlootod by {o» B). If <(JO ^ o for ovorf nii«oro x t A* 
tbon « lo eoUod foltbAa. 
^•3*6 j^ JsrmitKai i two roproooataUoos (o^, H^ } and 
{«2» ^ ) • ' A aro said to bo unitarlly oqalvalont If tboro 
oxlato an Isonotiy U of H^  onto H^ ouob tbat a «^ ( s) ij"" • 
•^(x)* X t A* 
Glvoa a roproooatatlon (a» H} of A* a oloaod 
aubapaeo H of H Is callod an Invariant stAopaeo of 
(<« a}. If s(s) MC= M for oroiy x t A. If {«» H\ bas no 
Imrarlaat subspaeo otbor tbao H and {o}* tn«i I t Is said 
u 
to »• irraAueibI* ior* aor« pr«eis«lyt topolicte«U.y 
Xft ttw nmct s«etlon we pr»s«at tliM« rtsults and 
eoaoilpts tUftt lMr« not b««n intitiduBwi in %km pr«c«<lii^ 
d«flaitloas« 
A a«t (u^) c: A i s said to b« «a opproxUoto Idootitr 1ft 
(A) s ^ I In,! I < • , 
<U) la i llu^jX- xji . 0 . x t A. 
t #(X) wlU. d«iet« ttio sot eX al l oporatoro of 
fialto nail oa a aoraod apaao S, 
1.4.2 I»yxmnoi| t A Baaaoh apaco 8 ia aaid to poaaoaa 
taa approxlaatlon propartjr i f for oraiy oo^paat autoaot K 
••A oroiy < > • tiiara oxlata aa oparator T c J(£)f auaa 
t m t 
1.^3 PgHMITIOM t A BaaatH «paa« B la aald to paa 
tha aatrle approxlaatloa proparty I f far avaiy eo^paat 
aiitoot & and avary a > o tbara axlata aa aporator 
X a ^i) aueh tHat I iTl I 1 i aad 
| | x«>Tx | i j ^a vtataavar X a K« 
u 
Mmmh ^ Lgn^rmM \Ath fiitia K . Denote toy U,^  t te olaM 
•f AU fuaeUoos f (tofiiMd on A vith f(x) e A^  suoh ttet 
if I i s 4«fiacd »f 
|f| . t u p (I f(x) | i < • 
xtA 
tte atoor« aoftt hmLng la A,^ * Algitof* o p f t j u m art d^flasd 
la £A^  to/ tta* uwMl rilaUoMi (f«t)U) • M) * S(X), 
(«f)(X) • «(f(x)} (a cK) Md (CS)(X) • f(x) f(x) . ntH 
ttoM« op«i«tloii« aadl if i as aom* S A^  Is S M U / SMO to 
too a BsttMBli s l t«b'^ ^^* sifters Is eallod ths aoraod 
full dlroet sua of tlio slfttoras A^» 
Thm fellewlag rosult stooixt thm spsetrsl dooo^ssltloo 
of a HomlUsB oporator Is pronrod la Nalaaik £l$]« p.24s-249. 
^•^9 m o m > ^ ^ ^^'V KonilUaa opomter A c L(H) tbsro 
oxists a ualqoo fuoctloB F t A—> L(H), callod titio spoetral 
fMMtioa of At wltlt too folloiiUii proportlos t 
(1) F(x) Is a prajsotloa oporator for oveiy X c A* 
(U) P(X) F(|a> • F(X) for X 4 jtt. 
(HI) P(x) t m zKx) for orotr t c L(H) sooh tliat 
At • TA. 
(iv) n o fttsetloa x—> P(x)x i s eoatlattous frwa ^IM 
loft for orary x c d» 
u 
(v) It [••)>] i* • elM«d int«rral eontaiali^ la i t s 
iiit«rler ti» witir* Bp«etn« of th» o>parator A and 
t kB tax Mrtoitnuy coatjayotii oem^«»^aIiMd fUBBU.«O 
en [ti»b]* ttai ?(v) • • for X < a» fik) m i for 
X > b and w« iMf* 
to 
(^ ) f(A) • / f(x) d P(^)» la i»artieial«r 
(^  ^) A • / X d P(X) 
vHtrt tM iatfttrals ara of Hlwuwi fftieltj— typ« aiicl 
Miat with rMpwt to ttao nom of UH)» liie fonMiU (^ )^ 
i s eallod tho ipoctrsi dsssspssitioa of tiis sporstor A. 
^•%l fifltHKISSft * ^ ^ ^ "^'^  ' ^* t"^ *^  o<* o^^^ox aorasd 
«paeos* AB sporstor T c L(B»F} is sold to bo a ecMvaet 
(rosp* proeo^ost) oporator* i f i t aspa the doood usit 
sflMTo of B onto a rolatlval/ eo^paet (rasp* praaaapoet or* 
sfangpaoual/t totaiiy boundsd) aot* 
I Siaea arary raiativaly eoapaet aat i s praaa^past* 
It iparater ia alwsya a praooapaat aparator* Haw-
avar» la easa F i s a Baaaoh qiaoa ttaaaa eoaaapts ara 
aquivaiaat* 
g P A F T K n - t t 
^ ^ IMSKSSSiOSA < "^^ aotlOB of eo^plttaly eontlnuoui 
•Ittitots of a eofMotfttlvo aoivod algitoni %raa iatroduood 
^ N. FrMBllleli £12], wlie dofUod tlioB as ttaoso oLoMiito 
• f t te al^obn for vhinh tbo eoiTMipoadUig ragtaiar v^r9» 
aaatatlona ara eom>aet oparators* For l*(a)t tha lianaah 
algabra of bamdart Xiaaar o^anitora oo a iaitaali apaaa S, 
K« Vala [24J provad tiaat T a US^ ia a eo^paat aparator oa 
t i f and aoix i f tiM mt§ X —> XXt ia a aa^M^t ^aratar 
aa L(B)« Motivatad by ttHa raa«iLt ha baa dafiaad ia [29] 
%bat aa alaaaat u of aa arbitraiy Baaaab ait^bra A ia to 
ba raiavdad aa oa«|paett i f tba aap x —> usi ia a aa^paat 
oi^arator oa A« 
t i^aat i iat iavaatlcatlaaa (aaa £ i l , [27], [28}} iMra 
furthtr iadioatad that tbia daftaiUoa iadaad yialda a 
aatarai axtaaaiaa of tba ootioa of a aaqpaat aparator. ror 
a HUbart apaoa H, 7. Qgaaairara pronrad i a [ifi] that T a L(H) 
ia a eaapait a^ratar i f and aaly i f tba aap X —> TX ia a 
waaki/ eoaipaet oiparmtor aa l«(H)» Za aaaioc/ to thla* 
K* Aiaaa £30] aivgaatad aaothar gaaaraiiaatiaa of tha 
eaae^t af a co^aet asMirator i a tha eoataxt of c"^ -
aigabraa. for auah aa algabra A* ha dafiaad aa alasaat 
a a Af ta ba vaakly eaaplatai/ eoatiaueua, i f tha aap 
u 
M.—> m ( rM i^ X—> JEO) is « wMkly eoa^ pftet flptrt^or 
oa A* 
Til* f i rs t ssetion of tuis etisptsr is dsrotsA f 
t l » s t u ^ of eoi^4«tsLy osotimietis sLsasnts sf s noiasd 
sigsbrs ia ths ssnss of Frsundiieh £i2]« Xa ttas ss««i4 
MtUoB sc^NMt slsssats of ooiasd alittoiwi ia tto SSBM 
• f fais C25] tars bssa disousssA. Xa addition vs siso dsal 
with spproxiastioa aMibars of saoh sisasats i a tbs eootsxt 
• f C^««aisArms« Xa ttas t ^ r d ssetioa wm prsssat rssolts 
siftoitt squlvsisBss of st^psatassi a«d wsali soppists ssattwi i^ 
of sisasats shawl >NI t t e t ths two tsasraiisstioas srs saas 
ia eass of C^-sIcsbrss* 
2*a iHMf l l lABiB * ^ ^^^ sssUoa s eoaauftatiws Bsaash 
aifsbra orsr tkis f isld of eoaplsx auiAsrs with i d s a t i ^ 
•Isasat s w i l i ho dmotsd by A« An sisasat o of A is said 
to too eoapIstsLy eontlauoias (dsootsd ss e«s.) i f ths 
Si^rstor f« oa A obtaiasd by T«(]0 • aa is e*o« This 
yisld ths foUsMii« • 
a*2«l MTOIXTtOW t a s A is o«e* i f at has ouapsit 
eiosurs for ovary boaadsd sst • c A. 
This is sridmtly sqiUwsIsat to ths ooaditioa thst 
aS bs raistlvsly coaipaet whsrs 8 is ths unit sphsrs. Irsa 
i f 8 is elsssdt aS aay aot« i a gsaoral bs osapaot* For 
STsaplSj eoasidsr ths Baaash sigshra / « sf a l i 
l i 
••tiiMW of nml^uB ymter p«lat«it« atfditlon Mil mati-
flleation tad with •!« aora* 2>«t S !>• tim eiosod mLt 
as • 8» wUeh i s net o«i|Mfft • • / « i t infinitt rtfntwMl< 
o«c« tioMMit* eaa aot b« units in no infinits i i t n 
tUmaX •••mh nlftibm* In faot^ «• iwrn tbn foliowing t 
2»2.2 H M M * C^] A tmit i s e«e, i f and Miy i f A i s 
fiaitn-dincaniooaiL* 
nOSS I If A i s fiait»^i»«isienal tlwi 8, tte unit spliara 
in A» i s aonpaat sinoa a Bansah spaea i s finita-dinsosioaai 
i f sad anir i f tha «Bit aptaars in i t ia aanpast and iMasa 
•vai7 banadad sat i s ralativaly aanpaat* Siaaa nultipiiea-
tian praaarvaa toowidsdnass of sUbaatSf avaiy aiaaaat ia 
itly e«e«» and in partieulart araiT unit ia. 
CanyarsOiy, i f a unit r i s c«e* sad Xat 8 ka tba 
aiaaad unit spkiMPS* Thsn rS i s ralativaly oonpaet i ,a . 
ffi* i s eaapsat* Bat tS • is* ftawa rfi i s aaapast* Sinoa 
•mtipUeation i s ecntinnsus» i t follows that r^(rS) ia 
a oaf net, Ttersfora, 8 i s cusysat* ilwas A i s finita-
diMMionai./// 
Aa in tlw easa of e«o« aparatora* ttaa c«o« alaaaata 
aiao f a n a oloaad idaal in tte aisd^i^ A« IMa fmiawa 
fran tiia fast toat tna difforanea of e«a* aimwta and tbs 
if 
pwwimt of • ••«• tX«MBt by an u^itrrf •ItMiit of A 
•r« e*e» lli«r«for»« tiia tot C of oU e«e« oIOMBto of 
A i t on idooi. tff « tlMoroa of BMMH (i;4], ;m 2, p. 96) 
tuo Halt of • ooqinnBo of o«o* op«f«toro i s • e*o* opo*«tor« 
oad oiopo A i s o eloood otlteiAobrtt of t&o oifokn U A ) of 
boiaioA liaoor opamtora in A, tho l i a i t of o OOOMOODO of 
•••• oiooanto i s ogoin o e«o* oIoMOt. 
Qivoa oa idool i lot us dsnoto by A^  tbo onnthlloWr 
idOOl o f I» ttaOt i s * tllO s o t o f O U OlOMBtS o f A WlHOh 
•aniiaioto ovsry olo«oat of Z. If I i s tkio priaoipsl idool 
fsaorotodi by tbo oloowt x i t i s doaotod by ix| aoA i t s 
MBihUstor by A,^  
by tbo naco of oa oioaoat of A oonoidoffod oo • 
XiBoor ipmbor «o Mimglf mmm tbo principol idool (r) 
fOBonttod by it* Za tbls eooo (r}n 8 i s oXboriy tbo w i t 
i»bors of (H eoaoidorsd oo s neisod olfobro (siaoo (H 
••y not bo eioood, tbls aoy look ooaplotoaooo) • Zf tbis io 
rolstlvsly eoapoet ia A tboa siaeo rSc {r}n ^9 r i s e«e«i 
i f tbo spboro of {r| i s Ofl^ paat, (r> i s fiaito-diasasioaolt 
tbat i s to Bt9$ r oonsidorsd os oa opsrator bos • fioito-
dtasnsiowal ranfo* XMLs suggoots tho foUowiai t 
2.2*5 ^ffmttticai t Cia] r i s f inuo diawittoiisl i f [r) i s 
fiait»»diOiOslonoi, 
riaitO"fH flisnst nasi oLoasats art e«c* siaeo tbs unit 
<§>••< la tiMir nMg« i s eoai^mt hvtt tte eoiir*r*« i s not 
tnit la f«Mi«I» PMT «MH«X«9 ttm •Iwnat x • (X» ^ » 
^ # ••• ) wiaeli la aet a fialta-^laMaloaal alvtant oi tha 
«M0* /^« a' b«iaid«d taqMaaaa of aiaibers (aiaLtlj>Iie«Uoa 
la 4»tlBad eoordiaatwlaa) aajr ^ taatisttt af aa %aa l i a l t 
af tta amawMa {i^} wtinra i^ • Ut |^ •••• ^ a»a« •••) 
art aU flaita «llaantl,onal« S M J^ ara all e«o« aal aa la 
tbalr l l a l t x. 
A tlMaraa af Banaah ( [4] , Hwayi 12, p. 152) 
trawalataH la taa aaaitaat of aiNva tanHaalaor glvaa to* 
fallowlog Mault* 
2*2.4 j n n * Cl2] If a c A la e.e. tiMn A^^ la flaita 
mm ftta I t foUava that If s ^ la c*e« and x - i^ 
tHaa X la flnlta-ddaaaalooal. Xa partlcuUry taa faUawlat 
raault la ototaload* 
^2«9 SfiBBUhA&Z > Aa Idaapataat wauti la e.e* la alaa 
t^ alaa hmn tha f aUawlas i 
2«2«6 yimmif t If tt la e«e« tuaa t • a « a la not 
allpataot* 
I SmK^ oao tiMit the tftaeraa la faiaa* t&aa aa latagar 
a axlata auoa taat t^ • o. But tarn t" • (o-a)'* lapUaa 
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ttaAt • • t** • • • iT* wbsr* ui*^  i t e*e« AS s««n frwi tlM 
MUMsLal •i9«ii«ioa oX (•«u)''. whm»9 • • u^  Md so • i s 
••e«« wHleh by Tb«er«i 2*2«2, i t lapMslbl* in AB infialt* 
<iUitl«)n«l lattiAli algebra./$/ 
2* 3*1 L«t 8j ( j • it2* 5,4) b« giv«Ei normtd 99mm$ 
««Mit« by Uii^t ii^ ) to* u&nmA wpm* of aU biwitti iiB«ur 
• • f f l m fMM % lata 1^  (i» b • 1,2,3«4). Giir«i U T M 
bbindad lioMr •apptnga A s L (S. , ^ t ^ • U ^ t tk) MiA 
C c Us^ ff 2^^  aaa e«a font tba eoapaaad aMf**"! AXC i 
G 7 A 
1^  > I j > Sy > K^  
Itoapias A and C f ind and vaiylbf T in US^* l|>t 
«a ean viita AIC • ti(t)t wiaara it la tbM ragardad aa a 
bMBdad Uaaar aappint of U^$ s )^ iota i«(f|» i^). Iba 
•aj»tm u dapMrta on tba aapptma A and C and aa tbatr 
^ualitlaa ara rafXaetad in ttaaaa of u* Particularly, K«Vala 
[24] baa prorad tba foUovii« t 
2*3*2 tammm i Xba aapplag T—> vit) • AIC* vbara 
A«C ;^  0» la a praaoapaat aparatar (in tbi mAfmm ipaimtor 
tipalicy) i f and only i f botb tba aajptbgo A anA C ap* 
pnaaapaat. 
»y tabii« B^  • B ( i • 1»2»9»4) and c • A in tba 
praoaadiof tbaarm «a obtain alao tba f oUoitfiAf t 
.«v;r-
2*i*3 SSBUA > i^} ' te iwOMMir ani suffUlaat eoodi. 
Uon in ordtr that tlw Xinmr ma» t > ATA froa L(S) 
into L(B) hm pr impwt i* ttet tb* aap A froa 2 ia«« 
it««iLf b« Brmttapmt, 
nm— okMrvaUoM BotivatwA K. VaU [29] to 
dofJUM •o^pattt sad tlnlt«i-41a«a8ioaaI • l«««itt i a • • ai%l-> 
t i« iy iioi««d altftbm as feiloMi i 
^ ' • ^ SBSBtSStt * AB aLcMnt a of a aoiBod alcokva A i a 
aaid to hm ooapaet i f tbo aop ?« t A—> At dofiaoA by 
Ta(s) • AMI (s « A) ia a proikaapapt aparmtor oa A| a ia 
said to b« flait—diaanalonal i f tm is ^ f ia i to raak. I f 
Xa ia of raak ana* a ia dafiaad to bo 1 rtiaaaalanal* 
MI^BI^ < IOMI i*«v« dofioiUca of a oa^paiit bLaaaat ia 
indaad a ioaoralisatioa of tbo aotioo of a o«^pa«t iporatort 
for i f wo tako for A too fu l l oporator aXgabm L(B) aa a 
aonwd opaea Bf nMorta 2«5«2 abowa tbat oa^paot alaaaota 
• f A aro pracisal/ tbo eo^paot cporttora oa •• 
I I t ia oridaot firoa U M dofiaitioa tbat a e< 
(raap* f in i to •diaialonal) oiaaoot of A ia a ooqpaot (raap* 
fiaito^diaoaaional) oLaaant of oroiy atdialgobra of A* Tbia 
faot provldoa • Jyatlfieatioa for tbo dofiaitioa of oo^poat 
aiOMBta i a toroa of proeoopaet iaataad of aa^paat fporatera* 
Za tbo oaao of Banaeb algobrM tbla diatiaatiaa ia iaaatorial 
aiaao praaa^paet oporatora aro tbo aaaa aa oa^paot aporai;ora« 
ai 
mA^f f tfm s t t of a U fjUita-dlMBsiaaal slMMBta of a 
aarwad a l f ^ r a A raspaeUraly* ClaarXy tra nara P ^  C and 
tba foUowins raault lML4a« 
OtUL * t«at a • C aaii (a,^) c: c ba a —gtiMiaa auBh t l « t 
i^—> a» aa H—> «•• Haw far a^r ai^itraiy x t A9 wa teva 
l i i ^ s a^ • axali • i i (a^* a) x a,^  ^ aii(a^. a) | ) 
4 M Ha^. a i l i\^\9 vte<« M ia a aooataat. mm tia,» i t 
foUowt that 1 ( T ^ • Tai | —^ a aa k—> « • Aa T^*a ara 
» 
praaa^paatt I t foUowa t te t Im is pfiPanpait aaA iMMa br 
danafctlan a ia a oeiV«>t Alaaaat,/// 
vma raault iapUaa ttaat F<c c« 
2«3«« j n m > C2»] (a t . CaroUaiy 2*2«») ^axy eaqpaat 
i4H9«taat aIaa«Bt of A la f jn l t t I twiHoi ia l i 
I Zn faetf tnm a ' • a ^^  a^aa^ • am for aaan x a A 
ar t 2 •• t I Aa tiM apantor T ia praaaayaat «> i t ia af 
a • • 
Iha foilowiot taaoraa provaA by &• Vala [29] 
M&UpUeatlon in A. 
a«3*7 fllM0 * I ' • i» • e«9Mt (rM!p« tkukf rtf •mUml) 
«i«Mnt «ikl tt b« an artoltrttiy •iMant of At than tlw •iMMttto 
•II aaA ua art eoai^ Mt (r«^« JClnltffl it—Mi m«l) aii 
• f A* 
TIM aiys Ji—> Aiix an aad x—> taaxnft ar* both 
M^pMHtiont of t{«*#« ^•xmtera on« of vliLeh i t !«• 
tMt tUt tlMorw follflwa croa tte fact ttet tte praeoivtiit 
tp«rtttox« (rMp* of fLnlt^^jmli) f«i« m 2Hild«d id«al*4)^ 
^3«S ^^immgft t Zf {A^  I X « A ) ! • « fMUy of 
lianto aifobrwt >^MB ( t A,^ )^  dnotoo tiio suboot of tbt 
fuU ttrtet oui £ A^  eonoiiUag of oU oIoMats S 9i t A^ 
•U0li ttat» for afMinrr t > o» tte oot {x i | l f ( x } | | > «} 
i t fiaito. TlHtt (S A )^^  io • BMMto olcobra with riijMt 
«• tiM nem iif l i • OMP i i f (x )n . 
XlA 
2«%9 a«mtt««i I U] A aoMftH oicoHro A i« ooid to bo 
tt i f oooh oloaoitt ooA i s oovpaot* 
I t foiiOM Xroo Coroiiaiy J. 5 and Lmam U^ of [X] 
t tet tlw BiAooli oiiobros ( S A. )^ oro oanp—t aa laat oa 
XOA'^ • 
Aj^ *8 tjrm etioaaa to ba tha danaeli aigabna of oaapaot 
itoro oa a HiXbart apaoa* Za tiM foiiowing ttaaeraa 
i t IMO booa atoawi ttet eoapaat lanaah aigabraa ariaa 
praoiaoly in xhiB wqr* 
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2«3«1>0 WUm I Cl] A eoi^Mt a^««lf«lifm A i s ot tut 
<M« ( S A. }^ » viMrr* MOli A. i t tha ali«bi« of aU 
A«A^ • ^ 
•^•raton on a iUlbart spaea l^* 
I Lat (Fj^  • X t A } ba tba UrnUf of pi l^Uva 
idaaXa af A* Sinea tba atrtietara apaaa af a eo^paat 
••••an algabra la discrata by TliaofaM 6«X ia U] tiaarafara* 
tba atfMatiira apae* of A ia disorata aa A ia a eaapaet 
B '^-alftabra. By a tbaoraa in €[2I]* XbaanB 4,9.24. p, 2»9) 
wbicli atataa tbat 'A B •-aifcbra A baa a diaerota atnietura 
i f and aiOy i f i t ia of tba fani (S A,^)^ vbara 
A^  ia a tjpalbill Il ly aia^a B^-algabni* wa gat 
A • (S A^)^ vbara Aj^  • V ^ * ^^^"^9 Mb^ ^ ^' * prialUva 
•oigbit B '^-aicabfftt* tba raatfit fallawa fran (£i]» fbaari 
8.1) wbleh aays tbat far a Baaoab^^aicfbra A auBb tbat 
llali^ < b iia^a It for aoaa eonataat b» i f A ia prULtkv 
tbafa axlata a^-heai—aiybtta of A a«ta 
tba algabra of aoapaat opoiatava an aaaa HiXoart 8i>aea IL 
If A ia a B -^aLgabra. tbta bwnaiiybtaa i s an iassatiy.iS/ 
tba foUowlag ia a eoaaa^iisasa of tba prteaadibg 
tbsoi 
2*5*X1 MtBUUi'T ( A co«Mt B^-al«bbra ia a dtiai B^ * 
alcbbrat and aoovaraaLy* 
I A aaiipsat B^««Ifabi« A ia 9t tba fam A « ( £ A.). 
X«A ^ • 
iA tba stataasnt of tba praeaallbi tbaoraa and aaab ab 
Zh 
• i f Ai» i s ft dual B •clcibfK fey Thmr^m k^lO^& tad 
CoroUAiy 4.X0.20 la [aij vhloh statM ttet givvi a t^Mlf 
{A^ I X « A I • £ d o a B^««lg^ffMg tiMl l''««lS«ferA 
A • (S A }^^  ! • ftlM diati ayad •v^iy t«pol«gleaUy •i«pi« 
•iiHtillator B^-^It^m i s dual vlilob la •qual to tiat 
•Icabra oX aU ooqpaot o^aratora en a UUfeart ipMat 
In Urn oaaa of C^<-alfabniat tba foUowiag raault IMO 
teoan ototoiaad by K. AataU and M.S. RaMmijaii ([5]» Laaw 2»2). 
2.5.12 
kt and atfly i f A ia a dual C*«alf abnu 
flBgf t Slaea tiM socio of a C^ «>al«afera A coinotdaa wltb 
tHo sat of fHHto-diMOAaienal aloMSla F of A <i;27l. Tteoraa 
9.1) and f • C, tiM aot of oo^pMt alaiMita of A ([271* 
tlMtfiM 3*10}» wo got ttiat tha soolo of A la doaaa ia A 
i f ifld only i f A ia em$mt» Baeauao a C^^algahfo A ia 
Anal i f and oalj i f tha aoola of A ia ddaaa ia A ([15]* 
TiMoraa 2«1)» «lw raatAt toLkmrn./// 
2.9.13 JBSSSfifi I «^*^  A feo a Banasli alsatom A aan-aara 
alaMat u « A ia oaUad oao-diaaaaioBaI« i f tUtfo oxiata a 
liaoar l^iaetioaal f^  oa A aoati taat 
uau • < f||» X > ii« for all x a A. 
iirffMPMingf 
a»%X4 ytMMinow i fmr « given cs»«rator S t U s ) , g a 
d«fin«d bf 
•^($) . i n f d l S ^ i i I AC L(B}. rMk <A) < a } . 
In WMlof/ to thlB d«iinltioa, for n giVMi WanBn nlgabrn 
A tlH n»tn a^ proaKintttian auribcr of an aianant u s A i s 
givan bf 
II 
a^(u) • inf{ i la • X u^ l I I i^c F ,^ k < n}. 
vlMVa Fj^  ia ttm alaaa of l-diMnaiooal slaaaata of A« 
Ti» failaKing pMiMVtiss enn )>• aaaii/ 
U) llMtl ••!.(») 2.a2(u} i :* . . i t o 'or tt a A. 
(U) a^(iiw) i a^ Cii) • llYJI fdr !!,• a A. 
(U i ) a^Ctiir) i l i t ) ) a^(ii) ijvll for t,tt«v < A. 
2*5«15 JUaft A bo a C '^-algabm aad C tkia alaaa of aU 
aoapaet aXananta of A* Lot u a C lod (X )^ tte aigaoraluoo 
of 11^  U9 arrwigad ia daoraaaiag ordar and rapostod aaoor* 
dii« to auilUpUeitr* Put 8^(u) • ( \ | ) ^ ' * this mmkw 
ia ealXad tte a-th singular valua of tte aLaaaat a. ly 
CacaUanr 2*%U« taa idaal C ia a dual C^ ««JLgal>ra« 
imwwrTy i f tt c e i s in»»ii«f •iowal witu rMp«Qtt» C, 
tlMii bMdoa* •< tUM • vaoas^ • f(aat3^)u for aU x • A« 
wi»r« f i s A liasur fmetieasl oa A sush ttet imi • 
< f» X > tt for sU X « A and jto t C i s clwsstt susn tiist 
f^V^ " i f i^ foiiows tiMit a t F^ « Tboroforo sU rosidlts 
yrersd ^ Mag [26] for siasulsr vsluos or* vsUd for C, 
FsrtiouLsfix wo lasro 
s^(a) • Sai(a}» for ti c C« 
9m folloMiaf rosuit IMS %ooa provod tor *^ ^U- C20] • 
2«^i5 l i n t t i I Irory s s C adaits • dslMi«« roprossnto-
%ioa»i«s« 
i«l * ^ 
vHoro ^ s fj^ t it^^li • 1» sBd 1^ )1^  (rosp* uj^  t^) sro 
•MtHil 1r ortiMtgoBoI idoapotonts. Horooror* f^^i*) *• \ |* 
f M ^ I Siaeo tto C -^i«Igobm A i s "^  •isoaerpHio to • 
uniforsix eXosod ''••(iNagsbra of UH)» vhars H i s s 
diibort spaeo» Umrmtor^ Iqr psiar doeoapasitisa of s c A 
«o t«t s « ilfsl saA ts | • o V wlMro 0 t U H ) i s pMrUsUjr 
issastric* Siaao s s C iapiioo tba^ isl « C» sad iMaeo 
taoro oxists tao foUowiai spoetral dsaa^ssltioa asiag 
a voault of niaoa ((27], Tbsorta 5*9) | s | • ^ h V i * 
wimn A^  2L ^ 2 ^ •*• 2L ^ ••^ *>i** ^*^ orUMisaai aiaiaal 
«7 
<^ «r >K «r > • «l *! « \ < - «1 •! < - «1 < 
SlBlIftiiy i t em b« sbowi tliat u^ i^ ar* ertlwf onal 
l a t — l idinp>ttnte» ^r (Ufialtioi mji») • x^. Beoauat 
• f •^{m) - ijiC*) «• f«t a^{9) m x^ .^  
tiM roUoM&i^  dcnaiUoaa «1U b« t»<d in tlM 
2*^1 fflFIFlgiai > (C^O], p. 67) X.«t X b« « XiaMr 
tipolagieal spaec* A sat A c= x i s aaid to 1M wtakly 
tialljr eoapaot iX wrafy »«<iagao* {i^} ia A ecataias a aiH* 
a««i«oe« whleh eoavaiiaa waakly to a paiat ia X. 
2«^2 aggggQIi I (£X0]» p. 402) Lat S, P ba Battaali 
iPMaa* t « Us»F)» and 8 ba tte eloaad anit apliafa ia I* 
tiMi ii^arator T ia sail to 1M waakly coapaot i t tte waali 
•XMUM of TS i s cmpmt in tlit W9tk U^Amff •t f. 
m «ip«r»tor i t wttkly e«|paot iX MA onljr i f i t 
••te into vMkiy ••qiMntialljr C9t^mt sots* 
HM foliowixis dtiliiitiiw t vm9kXf 0Mi«e«ivl«t«Iy 
ettttlMiMB «l«MBtft of BoBooh olg^ras vat siv«a ^ B*^ * 
XoiauiK and ?•&• woas ia £2^]. 
2*4»3 Qi^ ynilglOM I Att olwwst a of o BmmiL wlg^m k ia 
oalXod woalULy aoai-eoi^otoLy ooatiatiMM (dtnotod aa v*a«e«o«) 
i f tte mn9 %—> u»i* x • iU i s a voaiU/ eoipaot oporat^ 
XB ordor to proro tlia noxt tlworoa vo viiX aako uao 
of tiM foUOMii^ roauLt {129}» LoMa 5«1)« 
^•'t*^ MpBU I If tt ia a aaU-atfJoint «.a«e.c« aloMot of 
tiM c''-«i«obf« A« Vtm mf'/u) eoneiata of a ooiMti^U 
•iMfcai of poiata and saro can ba tlia only point of aeeiMw* 
latioOf vbaro l^ j^ Cu) atanda for tlw ipaatnai of tt ««r. to 
i^ « tJM C '^-alca^ ffm obtaiaod »y adjoiaiiw ao idwiUty to A. 
^ ^ ^ JBHMB > (C29l» lhaor«i 5*1) Lot A bo a C 
and la a A* The oporetor x—> wax oa A ia cofyaot i f and 
aaly i f i t ia «otfay eoapaot. 
I Zha wookly oo^paet opormtora on A fom a two-aidod 
idoal of a A) CU0]» »• '^)* i t foIXoura ttet y"", ^ , and 
jrx art «*a»e«e« i f f t A is ««s«e«o« tmA s c A. L«t a^A 
btt w*s«c»c«i tlMn ii^tt is s ssIfHMUoiat v.s«e«e* 
OX A* xr A i s rsslissd mm m sub-C -slgsbrs of L(U) for • 
HUbsrt 4M»« Kf t lwi Sp^ (tt '^tt) • B^^ {vt^ by 
(C9]» p* 6)» ss tiMit tlw spsetrui of u^u ss «n o^cnter 
«s Ji (ittaas 2«^4) is eouatsbls sad ssro esn bs tbs ea i / 
psiat or oeeuMitatioii* ths iioc»-soro port in tlist spsetnoi 
liotm tiM s«M OS in 9|^(||) (tt*^« Tliorsforo s rsproooo 
tsUoB u'^ tt • S XQ OQ is obtslaod usii^ t te sotted of t te 
proof of IlioorsB 3*8 in [27] • vtero oseh o^ is s v.s*o«o« 
proJsetioa» X^ > o swi t te soilss eooiroftoo in awo* As 
tlM olosod « i t iq^teK of 0^ A 1^ is o- (A,A'')-COOPOS« sMd 
so crCi^ A t^, ( i ^ A s^r)-co^psett tuo c^.ol«sbrs «^ A o^ 
i s jpoaoaavo U lO] , p. 429) sad tenco f in i ts itlasastsasl 
mim d f«siilt of YLiasa ([29l» hmmm 3*2), Hsaeo Tiisorsa 
5«iO in [271 yidlds |til - (tt^u)^* - £ \ j ^ * •n ^« • 
it siSflMni of A» sad siaUsriy ju^'i • (uii ' ')^^ is 
it« Sines tte asp x—> |a|xiu^| is s ooavsot sporstor 
oa A usiaft Tbmrm 5*9 in YUasa [27] whien stotss that, 
'^ i.ot A bs s "^-suOsiftAra of L(4) sad l o t 8 sad f iM ssapast 
(r«iP« finitOi-diasnsioasl) olsaoats of A* Tosa t te opsrstor 
X—> SXT on A is proeoapoDt (ros»« tass s fiaito-diasasisaol 
raogo)/ » so is t te asp x—> itaa • s)uix|ti''|t^, wtero 
a • s|u| sod vtm t\u*\ sro tte poLsr dseo^positioas of a 
-If 
DM Wjr i f ' pttrt bvlog Mt/^is l«ft.i^ 
llM foUowing (toUolUao of lef t (r tc^ ilcM) 
ifM <iv«n by iaia«i £30]* 
2*^^ y ^ ^ ' ^ o " t i.«t A b« ft BMneh alstbra, u c A i s 
o«U«<l « l«ffe (rMf* ilfM) watiAx coivistily eontiauou* 
(4«M(toA AS l«v*c«e« mod rftW»e*e. r«»p«etlv4&y) sLsttMit of 
A« i f tht asp X—> ttx (rMp, x—> x u) i s a wsskXy 
1% iipsrswr sa A* 
2«4«7 ttttfi& > X*w»G*e« (rssp* rw««e«e«) sisBMite of A 
fipa s eloood tn^-sidod idool tisiag Corolisry 6 in ([10l» 
pm kBh) sad in tus eontoxt of C^-sIss^rss tSsss idssis srs 
tiMs soLfadJoiat (£9]t p. I7)» sad so i f sa f&sasat a ia 
s C^«algdbrs A i s X»«*e«e« i t i s also r«v,o*o« (tlw 
iporstor x—> (tt^ x"^ )"^  • au i s wssUy eoapss^ sad ooaNrszw 
soly. Tbsrefors l«v»c«e* (rssp* r«v»e«e*) sioatats of s 
C^«slcsbrs will bs siapiy eslisd vsskly esaplotoly eontiausta 
Mow i t esa bo slMHa tl»% ia tte esso of C^««l<Sbras 
sa olsasat i s eoapas^ i f ^PA only i f i t i s woskiy eoapXotoi/ 
ooatiaiisas i*o* tbs two ssasgaXlsatioos of s eoapaet 
sporater sro ia fast ths ssao for C^«sIgoSrss« 
vs aood tte foUonii^ ii30}, Corolisry 2) ia tlis 
proof of tlis aoxt 
2*^8 fffflflhfdlRT t Let H IM • aUk«rk •»«:• anct f • !*(»)• 
UMB T i s a coflpaet oparstor «a H i f and Mly i f T i s • 
••w tiM asltt tiMori of tliis Motloa wMeh IIM b««B 
prorad toy YUBMI >^OJ can IMI statwl M raU«fM • 
2*^9 TttBifh V*t A b« « C '^-ttlcaUm and a c A. Tlw 
XoUovli^ tbr— e«adlUew ar* aquivaXaat t 
( i ) ttm aap X—> tuM la a eo^paat apattor on A» 
( i i ) tiM MV X—> iix ia a «aakl/ cai^aot apapatar an A* 
(111) ttoa aap x—> »i ia a vaaki/ eoapaet aparator on A* 
S H I • I^ ^* airaady aetad in tM Raaarii 2.4.7 tlmt 
( i i ) and ( i i i i ara a^mvaiaot* Aaauaa oav (i)« Ttora 
i s an iaanatrle * -r^raaacitation TJ af A an a ailbart 
H auan tiMtt TJ (u) ia a eonpaet aparator an H by a 
ia £28]* Bf CaroUaiy 2*4»89 tba ap«mtai« 
Z—> T7(tt) X and X—> x;rr(u) an UH) ara vaakly aa^paat* 
l inearfU) i s ^CUd). L(H> )^'-eiaaad and Vm raiaUva 
a-CUa). UH f)-tapA««r an TJCA) agraaa mtJi a-(51(A). 
y[(A)^), i t foUava that x—> ux and x —> jai ara waatay 
•9i^Mmt ap«s^tora an A* 
Aaauna new ( i i ) . Aa Urn idaal v ot Htm v.e.c. 
alaaanta ia aalX adjaUt* i t ia a aato*-c'^ -algabra of A. 
ftinaa anah alanant of « ia i»«o«e«t « ia a dual C f^cLgabra 
Hy (Cl7]» n»prm 6, »• aX). As v tea aa •yproxlMitt 
i d « i t l ^ (C ' l * P* ^ ) t CalMi's factorlsatloa thaoraa 
C[7]f TlworiB 1) iJipUaa that u • vw tor aoaa v» « a V* 
XtaMB tiM afarator x—> usu oa A aay l»a wrlttan as 
*5^2'l whara T^x • MT, X a At T^y • «y«» jr a Vt «•* 
TjX • vs* X a w« But X^ I tf —> V ia a oaqpast aparatar 
(aaa a.c« CapaUary 2«5.1X)» and tliya ( i ) M^ia. / / / 
iffiwiii nm% w iWhiiH 
3*^  WMSSSIM * m •iMMit 8 of « c^ '^ flifobitt A is 
eallod •iafl« if» «iMo«v«r asb « o for •«•• a^ b in il» «• 
Mr« «t iMSt on* of ••• sb sore* F»r oassplo i t i s ossr 
to soo tlist sa ap«r«tor of roan oao i s * siogio oloaoot of 
soy sitiibfm of spoff«t«rs tlist osotsins it* 
Sootioa X of titf.s siMiptor i s dovotod to tho stiiAy of 
siatio oioaoats ia tte oootoxt of « c'^-oigoiDs A* nlmrs i t 
i s sbewB tlist ia tte wfltlpliestivo soaisrsiv of A tho 
•iaglo olsaoats fora s sslfsdjoiat ssaigrsiv idosi sad i f 
ttais idosi eoatsiao s asa soro oioatat tlMM i t lias a aoi^ 
soro soLfsdJoiat ids^potsnt* Aiso sa algolMnBic eoaasotioa 
i s shooa bottfooB siagio oisawits sad tao opomtors of 
oao* Stskility of siagio sioaoats indor algobraie 
aoiyfclsas i s siso coasidortd* Vlaail/. i f A ceatsias a 
aoiwsoro sslfsdjolat singlo oLsaoat o* sa iaaor produst i s 
dofiaod oa tlM oloaoats of tho idosi As sad i t i s sHowa 
tiMit tids idsol oquippod witli tbis iai^ or prodast i s a 
Hiibsrt spsiBO* 
la ssetioa 2 ths aotloa of ths trass of finito 
siMwats of a Bsaash siftSbm i s iatrodusod wtdoh ioeludos 
tho aotioa of tte trsoo of spnaters* Aa Sisasat u of a 
ooai^ox, soaL-priao asasoli s ig^ta N i s said to bo 
M M m»h ttety i i w « < f ^ t X > t t f o r a U x < N , Fir 
•i»li tiffMnta tbrnf •atists a UBlqtM cmgXiati iHirib«r tr(tt) 
•uoh tlMLt yl' • tr(u) iv vbleii Is eaU«d Vm tncm of «• 
A X&ait« •iMMBt II in tht MOM eX K* vaXs IMW • rap 
tAtloa II • X iH« viMM « | i s oas«idi«snBtffrtsli Also ky 
i n 
putting tr(u) « S ti<iH.), a v«ii«d*jCins(l traes of a i s 
i 
obtainad* Also %im dafiniUon eX auclaar alaaants i s sivan 
ia a nataral wigr* 
A Baaaob ai«abra A ham tiam q^aai-l|ppr«siaatia• 
prapart/ (danotad as 4.a«p«) i f for aaistt alataal ida^potaat 
q a A tha Baoasli spaaa Aq (raap* qA) iiaa tba approxiaatiott 
praparty* I t liaa baaa iodieatad tHat euaiilativa Banaaii 
aitilbraa and c^-al<ibraa iwva q.a«p* Xt ia also aiioim tbat 
i f tiM slfakra fuIXiXla q.a«p» tlMa Urn traaa «d«ica aa 
aitifcanaioa to tlw auBlaar aJLaaaata* Alao tba traoa oX a 
ntlp»tant nucXaar aia^ant ia alioMi to too saro« Tte traoa 
fiHMttaa ara also atudiad and tba \]m9 oX tte waU mam 
raavaita rasardiaf traoa f orauLaa of eartaia aparator 
•laaaaa ia aada ia ordor to obtaia alaiiar raaolta ia tha 
oaso of Baaaeli algabra* 
S.2a SISmAJUmmiS, > Tba aat ox aiaglo oiaaaata of a 
C*«algabra A wiii ba doaotod by ~^« It ia aaay to aaa 
tbat tba saro aiaaaat ia aiafla ia A i*a« i t ia a aaabar 
of 9-. 
Mm tmf ttm XoLLQ«i«t VMuit prof^d b/ J«A« 
3«2*2 MBA I Xf a « ff~ ttMB s""* 0^. For AB/ •i«MBt x 
in A« xs c •" and tx c r'* 
JOnat < ^ t M"^ • o» ror BOM a.b < A» %tm {•B*h)* • 
b^M^ • o and tine* • it sUiti** «• ii«r«9 aitmr b s^ • o 
or s*^ « •• HHteo oltaor (b^s)^ • o or ( M ^ ) ^ • O i»o. 
o&tlMr g^ b • o or os^ « o oad so o^ i s oiailo bf doflnitioa* 
If oxib • o tad oioeo • i s slqftIo» ws bvro oltiisr 
mm • 0 or sb • o. HMOo sltbor • » or xsb is soro and 
ttsm » i s oiaslo. In a slallsr asfloor vo can siaov tbat 
ax i s Si lvio , / / 
Fnott tbU IsHsa i t i s avidant tbat in tba aulU-
plicativa asaigrouv of A tba aiogia alaflMOta tvtm a saifi-
adjoint saaisraHp idaal* It tbia idaai contaioa a aeo-
sare aiaasdt a tban i t eoataina a nao-aaro salf-ad4oiiit 
aiaasnt a^ 'a* In tbLa eaaa i t ia abaan balow tbat i t wiU 
contain a na»«oro aaLf-ad^oint ida^potant* 
^•2*5 tfKlft t If a s 0~ and a ia noraai "ttiaa tor ai 
oampiax mmSMa^ k, vo bcro 
( i ) a* - xa. 
( i i ) a • Xo» wbaro « ia a aiagio aaU««dJolnt idaapa««it« 
t la oaao a « o tbaa X « o and a « o oay bo ebaaaa* 
so X«t • nk • and i « t B M tiw •oMiitoUvc c'^HOcakn 
it4id ^ • and 0^. tma ^ ttm Oal'faBd raprtsaiitetiott 
B is isMctr leal iy ^ -iaeaafptale to tha algatora 
C^(X) of a l l oontlmiois AnoUooa vaaLsbiog at i a f l a l ^ on 
a loeally eo^paot Maiaadlarff apaifta X* I f e t • and Xat 
e ba tiM Ittaga oX o uniar tba Oai'faad rapraaaatation. wa 
wUl ataav that tlia ai^pert af a U*«* (x i 0 (x) ^ a)) 
lias axaatly aaa point* sinoa va iiaira taiiaa a <fc o ao 
a ^ o and iMoea tHa aivport oJt a nust bava at iaast ana 
paint. So l a t tha auvport of a eonaiata af two distinct 
poiata x^ and i^. Siaea a Xocaily oo^paet ilausdorff spaea 
i s ooivlataiL/ ragulart tlMia tiMra axists funetions i and t 
i s Co (X) witH diajoiat s^pparla suaH that tix^) <fc a and 
§{*•) ^ 0. TIMB va Hsnra fag • o with fa Y^  0 and as 4^  o« 
JNit aiaoa «to Oal'XaBd rapnMtattion ia onto Ca(X)» thara 
axlat alananta a and b in B aysh that a • f and b • g. Thtm 
aab • 0 but aa # o and ab ^ a* wbieh eoatittdieta tba faet 
that a ia aingi** iisnaa a(x) • a aieapt at ana point x. 
i*a« tha aMppart of a has asaotly ana point* 
U9%K • a ( i^ ) , thill (s)^(xa^ • X aixo). ALaa i f 
a • x*^ a, wa hara, a Cib)=x'*^ • Cxo) - 1 aal a (x) • o for 
X ^ xa* Ztuia a is a raal idaapataat Aastiaa* Siaea tha 
6al!tand aap ia a ^ -iaoaaivhiaa wa gat a^ • Xa and that 
a - x*^a a salf-^Uaiat aingla ida^potaat.^/ 
5»2«4 u g m t far aagr aingla alaaaat a thara axlata aaif-
SI 
•djolttt slagl* ld«v«$«at« • aaa t sueh tittl 
•t«pMi» tUftt • ^ o* OMJif L«HM 5»2«5 w« get • ing i * 
•«ir->«(U«Uit idii^p«Uftt« • and X suBli t te t for SOM 
t«f« eoi^ plMC M«b«f« X aiiA jii« a^s • xa and aa^ • jUf. wa 
ahow tHat t • taa« Siiiea a la iaa«po«aiit» x(aa-a)a^a •> 
Xiaa*a)xa • X^ i,%%-^)% - x^ (a«^-aa) • x^^aania) • • aatf 
aa a^ la aiiNlia aad a^a ^ o» va b«ra (aa-a)a^ • • '^ 
dattnlUoo. lliaaa, (aa«a) {um^)* • (aa-aiCaa)"" • (a«^)a' ' 
• (aa-a>aa'' - {••^)»'^ • o, ^ {•••*> • •* mUig C^-
aoaditiaa* i«a. aa • a« SlallariLy i t eaa ba alwiia tbat 
fli • a* tkmxmtotm aa a and t ara idanptftanta, 
a • aa « £a • £•••/// 
3*2*) i tSBIMEl I ^ ^ prinei^ftl i « t t i tea i Aa of a 
aaci-«aro aiagla aiaaant la aqual to tha prlael#ail l a f t 
Idaal of a alagla aalf-adjolat idad^otaBt* Aiao a a Aa* 
filallar atataaaota lield for prlnelpal right idaal* 
• I f a la aa la Laaaa 5*2*S ttaan Aa • Aaa Q Aa* titt 
Aa^ a ^Aa* Hanea* Aa • Aa aad aa a « aa» a s' Aa • Aa.# 
Nav a oamiaatHas fcatwaao a l i ^ a aiaaaola and aparatiw 
• f flwli m9 la axtdbltad by tlia following. 
^^•^ J Q H M • CU] I f a aaA t ar« al i«ia a&a«aata of A 
tiWM ttm aat 
•At • (Mt I a c A} 
i s a s«ro or wi»irtlMintonil lla«ar subapM* ot A* Also 
• « IAS* 
OfiSC > ObvioiMly sAt i t • Uammr sulMpfte* of A» Zf 
•At • (o) tJMrw ! • aothlof to olioir aad •o «o otvposo 
tliot •At ^ (•)• i«t • oati r 1M ttM aintlo •ol«»«djolnt 
i«OiV«t«ito •uBh that ••^ • /yif and t'^ t • K«« flMa • • <• 
•nd t • to* !!••••# 
•At • f^Ato o fAo and fAo • ••'^ At'^ t ^  •At. 
UMMO oAt • fA« wiioro o voA t aro aiotio aoIliMadUolat 
ida^potanto* If • • t ttaao a « !•• and a a CAa. 
Haw iot X and y ^o a— HP> jjaa—i> of oAt* tlMd 
« • tm mA f m fya. thm x a Aa • Ar ^ CoraiXary 3*2*9* 
flanaa for aoaa a a At x • ay* It foUova oaaiXy that 
Zf ia atewn tliat fAf oooaista of aaaiar »iiLtl|U«a of f ia 
ordar to eoaiplata tlM proof* If a • a;!^  tlMO faf ia a aaif 
•tgoiat aia«ia aiaMOt* By Uaaa 3* 2,5. fAf • x«, wtero g 
ia a aiatfia aalf«acgeiat ida^patant* ant cXmrlr i • iSf • df 
and ao 
it/^ytg • gfd - tg • o 
Aa f ia aiflfla and fd • « ^ o» i t foUowa that (g-f) f • •» 
vhieii stews ttet f • gf • g« 
HMS tor aaar sslfr^Jolnt tltMiit a of A* faf • xt« 
ttSM aajr •Itssat s of A aajr b« i^tttsa • • s « a • ib^ 
viMTa a and b ara aalf^djoiatt tiMrefora 
faf • <af • UW • Kt * ipf• 
SsMa firon (^) t i r k • x • i|a« as r • iy* 
X • ktf m kr and tba proaf la eo^plata. J^ 
3*2*7 tifflMbiyHTT t If • U a a8(i<«aro siagla a l i an t of A» 
tiMtt Aa ia a alaiaal laf t idaal aad aA la a aiaiaal ricM 
idaaU 
I If !• ia a laft idaaX aoota&aad la Aa and >^  la a 
alaaaat af i* tlwa / • aa fior aaaa a c A aai 
i .2 -A/ • Aaa 3 Aa^ a^ 'aa. 
UaUt CareUafy 3*2*l»f a^ a a a'^ Aa mA aa a'^ Aa la 
a^a^aa • Ini^ a • xa. 
•ttt Aa • Aa and tenea L Q Aa^ a^ aa • Aa. Ikua Aa la a 
ttlalaal laft idaal. SUdlafly aA ia a aialaal rlgkt idaal./^ 
Xtaa atdMllty of aiagla iflLaaaBts i»dar algabraie 
aaa ia ladioatad toy tlia foUowlat • 
3«a«8 MBSk I Xf a f A la aiagla and ^ la Mr kHMMiphlaa 
9i A lata 999 algdbn tMB ^a) la ali«la la ^A). 
• ^ > : -
• L«t K b« ti» k«nMl of ^. C«ff«U«rr 5«2«7 lapUM 
tiiAt AS i s • aUlMl l9tt IdMl. il«M« oitiMNr Asn K • As 
• r Asn K • (•)• I f ^s) « • tlMR i t is siiiiXs. Xf ^(s) ik o 
tlMA •&«•• • « AS9 ASO K • («}• 
X«w i f ^aab) • o tlMa asb « K aal 1|y tfai ab«nr«« sino* 
i i iB s i i^s* 11 Mk ^ o tlMB AsbC^K, Stft an • AaH M« 
M ^tb) • e« Xf Mb • o ttMD slttotr M or sb i t soro* So 
in oitbor o«oo wo l«ro ^oo) • o or ^(ob) • o ood boMo ^(o) 
i s oli«lo la ^(A).^ 
tmppooo tbot ttao C^««lsobf« A oootoiAS a aoap-aoro 
siatlo Oloaattt* ttta by JUoaua 5*2*5 i t contains a won tsto 
soIf-«lJoiat siBfio idoof^ oUAt* Tbo oioMOEla of tbo idoal 
Ao oaa bo oiiulppod vitA ao ianor prvAmt as follows • 
Xf s sod f boloag to Ao tb«i X • so oad jr • jro oad 
bSBoo by TbsursB 5«2«6 tboro oadsts a eomaox nustoor 
X(i^y) ooBli tbat 
y*x • oy^ xo • x(xiy}o* 
< x,y > • x(x,y). 
wltf«b oaa bo vorlfiod to satisfy tbo eoniitioas of «i 
Xf x s Aot <X9 3^ o • x^x • o oad tlasi <Xty> i s dofialto* 
Xa ofdor to sbov positivity wo noto first tbat <090> • I 
•od timt < x«x > • < x»x >» tbm < x»x > is rval. Xf 
< 3t»» > talMs aagatlvtt valvits tta«i ttotr* •x i t ts f % h% 
•aoH t&flit < ]F«y > • ^ « fly MlLtiplyiag y tgr • eo^plwi 
MiltNr of aodwiai on* «• aajr •n«a§« t te t t to ra t i part of 
< jf»« > i s ssro* TIMB 
< / • • • f^ > • « l« l *2 Us < ]rt« > • • • 
i*toli i s • osMtrvAisUsii %• tlM 4sfi i i i t«MM sf < a«y >• 
Zn Mdsr to idsatiiy tiw iaosr prsdost asm with tlw 
C'^ ^slcs^rs iioi«t C*««oBdUltioa is to bs iistd« f i rs t ly vs JMVS, 
l l « l i • ll«^i( • \\-*i\ • I k l l ' iiiPiyiat ttast 
) |s| j • X« ftertXsrSf ss < x»x > 2. • • < ^ * > • < x»x > 
n « l l • I K x»x> s|i • iix^'ssjl, sadss x . x s * 
llx^xsii . lUxsrxsJi . | | # x ^ » | | . Hxs l l * . 11x11*. 
fflasily to siMW eo^plsttttsss i t is now suffieisnt to 
provo tiist Alt km elossA in A* HMrsfon* i f (xi ) is • 
ot sLsssnts 9t Ao ooflvoftii^ to x» 
X « as «• i i a (ill • a|s) • • • 
X c As* TteroXortf «• ta^ ttas roUowiai* 
3*2*9 U n U f t . C^] ^te i><^«^ As witii tlis c''-«iisters nom 
mA tlM inasr prodost dsflnsd sibsvs is s HUbsrt spsos. 
list tas 4sM«s tlMi sot oX f i a i t s S « M of x i ^ i r s of 
0~ by S audi tiM elotar« ot Sbf U s ean b« i4«atifl«d 
lAtH tl» stel* of A* I t i s •(trn«iiiit to proro tte 
faUowiag rosult ia vlow of CoroUaiy 5«2*7» 
5«2«10 I A M : C^J If N U O aUlMl loft idooX of A 
tlMB M • Ao for soso oiQsio olommt s of A» A oiaiUor 
•tot«MBt JaoLds for rifht IdooXo* 
i l f o ^ s t H t A o C H * Sioeo •*• ^ 9 mad n iB 
•lalMl* As • N. I t romolM to ohow tiMt • i s o i i^o . If 
«i* • o and «o • o tbwi os bof oi^ AM • H* llMi !<to i 
(o) oiaoo uib • o oad to Ob • o* MtMO • i s oiaflo* 
A oiatlor proof boldo for rigbct idooIo«4 
9«2«U rtOBRBI H C l ] * £11]) ^ ^ C^*«Ll< i^^  A i s duoi i f 
•fld only i f £ • A* 
OUH t Siaoo tbo C%klsobr« i s Aisl i f sad oAXy i f i t s 
soalo i s doaao (C^l» Xbaoraa 2*9), tbo rosolt follows 
iaasdtatoly using Laaaa 5«2.10.# 
3.5.1 milTl AND WICLM «JW«S I Xa tbs so«iaL A « iU 
dwata a oaaplaa* ssai-priao lanatb alfabra tbramibottt tUs 
sootioo. As i s wsll»toiawi tbs foUoMiag ooaditioa is oqoi* 
valoDt for A to ba ssai-priaa* 
If um • o for all x s A ttun u • a* 
In tbs naxt dafiaition ttaa ooocapt of a oasidiaansioBal 
aparstor ia gsaaralisad to algabraa* 
M 
3*%Z OBtmi^cmm t £20] A a«Mi«i<o Amtut u t A U said 
to b« oa«"dia«uiioii«l» i f Umr* •xistt • lin«ttr f«ietl«MiI 
i^9a A SUDU t l » t 
i i J B i « < < ^ x > i i , X o r « U x « A « 
Also tlM tr«B« •£ Of rtwWJ to/ uiu)* is doliJMCl 
tr 
For oay Xe t A svieii tliot m^u ^ o «• got twxm 
< i^i» *#A > tt • ux^ tM « tr(ii) ttx^u 
• ti<tt) < t^t »^ > tt 
tr(tt} • "' » * • 
< t^ t^ > 
Xf A lioo on IdonUty tiioa tr(tt) • < XM» 1 >• 
' XlM sot 9S oU f i iHaonotflnil AoMBto of A i s 
If A io >—m>tl¥o, ttaoA oa oloMBt « « A io oao* 
t f w i t mol i f Md «ar i f tlMTo oxioto • liaoor fyastioaol 
o~^ on A oooli thot 
• < o-'^ t X > iif for o i l X 0 A* 
kk 
< t^» X > tt • you m i T x • t l < u ) 1IX 
« t c«t tilt id«itit3r« 
< f^ , X > • tKu) < o-^ • X >» tw aU X t A* 
Vm follmrtm rwiAt stiovs tint ttat eonetpt of 
«p«ftttM«« 
^ ' • 3 flWfiilBaU. C20] L«t A • US) b« tut «Is«bi« of aU 
kMM&od liaoor oporatora 00 a Bawach i^aoo B» Ttaas tiM MO* 
dUawii iwial alamnta of A oro oaastly tbm ana <li«axat anal 
ijj^omtoni of L(S}* NoraoroTt tr(a » x) • < «» x >• 
«o alao iMiro tte f oUawiaf t 
3«5«4 ffy^^yoM t C20] Ttio oLoaoata a of A of tiM fom 
a 
tt • S M» Wham ui c F«« mrm eallod fialto* 
Xto oUaa of all fialto olaoanta of A ia danotod by F* 
^ ' • 9 MBOik • C^ O] Zf u c A ia a glvaa aooHftoro alaaaat 
Buali tAat 4ia (uAit) < «•» tlwi thara oxlata a atntaal i<i«ipo» 
taat 9 a An (raap* p a uA)* 
m S * J^**^  ^ * ^^^ ^ * aaaaata olaaoot aua^ ttet dia(vAr) 
ia aa aaall aa poaaililo* UMB for aa ailUtrary aioaaat y « A 
auah that vyv fc o» wo liavo 
(vrr)A(irrr) • vAr 
• • vy (v«¥yv-^)A(v»vyv-v) yr • i»yvAvyv 
(wr/f^*v)A(vxvyv«v) • o 
sine* A la sMi^rldMf i t f oU«wa ttet v • vsvyr* 
Mm i t Is BlMMi tlitt Av la a •lalaal lef t lOaal. 
|»at X Q AT ^ a aa»-aarQ laft Idaal* Tkaa tiMra mitLmt 
fp c Xi % • A «ltli y^x^o ^ • AOd 7^ • rr« ^ alaaaait 
a a A eaa ba faaad auoh tiiat t • trsrs^fr. TiMrafera, 
Af ^  Avi^^ Q X i»a* AV la a aynaal iaft Idaal* mm a 
tliara axlata a •tfttaal l i t^pat i t p a Av AM. J^ 
Ttaa XoUowiiif raault ia aktalaM uaiof praaaadiag 
^•i«6 SSSKMUBL * A umk-^vto alaMnt a or A la 
HtoaailBMl i.a» u a F^  i f and only i f dia (HAM) • I« 
t Xf tt a F^  tlMA eiaaj&y dla (tiAu) • 1* 
Far aoovaraa part* lat dia (uAit) » !• TIMI uaiat 
5*3«5* tiMrt aadata a aiataal idaapotMt 9 a An. TIMO 
«a iMiva 
(il-«9)A(«MV) Q. «lAtt 
aiaaa aquaXi^ givaa iiAu^  • (o) * v&UH ia faXaa* Xlaaa va gat 
J* fiML [20] bM prafr«6 t te foIloirii« t 
dUUi (HAM) < • • ttaaa tiMr* milsts an i d t a n t i t p • P n aA 
and ptt • « (rMp* tv • tt)* 
J«C« Alaxaadar £l] htm alsa pronrad tHa falXowiag* 
S«3«S ^f'yyf'^tT I Uit u ba a aan-aara alaMnt af a 
ooapXax» aaBi«ipflaa BaaaDto algabn A* IRias tha oparatar 
X—> U3U IMS a f ln i ta ranlE i f and oaky i f it t P* 
Xrfr% « a r tten iisiog L w > 5«5.1i i t inMdiata i / 
foUcwa that tlia aparatar x—> ii»i tast a f ia i ta rank* fior 
eooiraraat Xat t te «(pai«tar x—> iixti taaa a f ia i ta rsak* tiMB 
l y Tbaaraa 5* 3*7 ttera axiata an id«vot«i% p t P autu tliat 
tt • pu a W.0 
Attmr iattraduaing tlia aatiaa af a traoa af f in i ta 
It i a MA algaiffa wa iadiaata aaxp rssults t t e t ean ba 
aixiXar ta vtUHoMHa raaiata af tiM aiaasiaaX 
5«5*9 0BPXIIX7X(»I I [20] titfa aXaMntc ii,v < P^  ara aaXXad 
aqaivaXaat (daaatad aa u^v) i f timn axiats amm x^ « A 
aa»^ tbat ax^v ^ a* 
rtlaUoo oo F« • 
imgC * As r«fl«xtv« and ayi i tr ic prQp«rtl«i «r« MsUy 
v«ilfi«dt ooLy traasitivity will b« shonm. i««t u«v,w t fj^ t 
u ^ v M 4 V^-^V, XIMT* •adst i^ aad i^ nm'a that u i^v ib o 
•nd Y3^ « f • , Vjr 5«3«X tlmr* i s y^ < A •UBH ti»« 
i s sM-ditssBsioosl. ltc^,^ll i lliiii l lv l i . sad trass 
\ ^ - tr (tt) tr(v). 
f|BQ|[ I Lst iixdif • o for ss«s XQ t A*. 7l»a thsrs i s 
y « S A SUSll tlMtf 
' \ ' . ' " • <• V r - X . > " • ' ' • ' ^ ' 
Cnatnwitty, D^ ^^  i s «M-«IMU1OQII . iOso i t follows trm 
< < r » ^ o ^ 
*— ua^ v • uux w 
II.V " - ^ ^ • ' -« ,¥" illSiii'--'^ ^^ 
• SI9 Httwil < s » ny| ) llmll I M l i l l n l l i M ) 
• ll^yll illttll ll^ll./# 
3«3«i2 jynn I [to] u« m s r. smik tfest £ lai • «• 
m 
t trCiH) * •* i^ 
I A disjolat dsso^pesitisa l^ of (X»2» *••» a} is 
iiKiucsdl bjr tHo s^aLvslsoBS rslstioo —^ on F^ * TlMs for 
aa i4 k wo got 
o • ( X Ui)3di £ U4} • C tti3Bi4 for aU X « A. 
i«& 4«A^ ^ i.JsAjj 
I t follows t»ii« LsHMk 3«3«U thst 
• • X trdH) tr(uj) • ( t tr(ui))* 
i#4tA^ i«\ 
ibr finit* clMMBtt eaa 1M iatriiuciid «• follows i 
wpr—itatioft oX tt t r* tkiMi 
i s c«ll«d tiM trM« oX a* 
3«>*I^ a s m • £20] Lvt A b« ft sMd-priM ataatli altdifm, 
SIMM tlM tii»t« tes tht XoU«Mi«t prQp«rtlM i 
(1) CIM trmm It « liaMr XynsUonai «B f« 
(U) XX u c F and X c A. tto«a tr(ux) • t r (» )* 
( l U ) Zf « c P i s iii4pot«it» %hm tKu) • o. 
(iv) !••% A IM an algaiim witb inroIuUoci and u • ?• 
tlonal oa A tor ali v a P^ « 
t m I (1) la abvlaua* 
( i i ) F9r • a F ^ a n d x a A w a Iwra 
< XL« X > ar • aorsor • tr(3af)ar 
•Md < t^,x >vx • riont • tr(vx) ^nu 
XiMB, tr (ar) • ti<vx)« Mtw It follows tlMit tr(»i) • 
a a 
S trCsii) • s t r (mx) • tr(ux)» 
( iU) L«t A^  to« tlM diajoiat (lM«apMiU«i of (IfZ* •••» a| 
ia4iW0<i by tlw oi^ ilvalMaoo relation >—> on l\* Lot uo put 
OLx • ua( X ttf) « S tii aa^  
Siaeo tt c F io aUpotoat tbo ftaito-^oimt will iipof«tor 0| 
io aUyotoat, thor^toro Craeo \ * 9, Utiag Loaaa 3«3«1I» 
OS tiM otlMir IMBA «• fotf 
BL • £ tr(«i) tKttj) - ( t tKai))*. 
ti<tt) • s X tK«ii) • o« 
ClT) •« F). ^^ '•V *^* "^^ ^ ^^'^ oxlsto a Uaoar AMsUoaal 
1^ oa A umh ttet var • < i;yf a > v for all x « A* Slaoo 
A la oa alsoaro with inrolutloo, wo liovo (var)"^ • i<t^,w>rf 
i.o* v^x'v* • < V * * V* . < 1^, x*> Y*. 4iaoav''t r,^ . 
Clato V* • tr Mr lapUos that (r*)* - (tr(v)ir)* • tr(v)v*. 
Also (V*)* • ti<v*)v*^ aad as (v^)* - (v*)* »• !•*» 
tr(v*) • t r iv ) . 
a 
o, tK«*') • ^|^tr(«H*) • li.**^^^ * ^^ '***' ^ • *^ 
n 
^^ 
•BA sine* fur mjr u c F^  «• haurm by Li««> 2.8 in [20]» 
^p (^tt) • (•< tr(tt))t rMult foliCM b«oaui« tr{»rimf) t 
3*5*1$ l|M!PiI!ffiy t li«t A • U E ) 1I« tiM alsflbni of aU . 
btuBfloA lia«ar «9«r«tors on tte •imnli spae* BU Aa oparAter 
il t Us ) i s M U «• b« BittXaar i f 0 • t at ® n , iriiara 
a i « S » a a S , a i M i S JlaiJi | | n t i < **^  
Oaaanliaim ttaa oetioa of nuelaar apatatoiVt tiM 
of nuelaar aia««ita la ttaa oootaxt af a aaai-prlaa 
•anaah alfatara A waa latradtMad by J* I'utaL £20}« It la aa 
• •asai* '" ' 
faUawa t ' 
5«5*16 StBSXUA * An aLaaant u a A la aaUad nualaar 
i f u « S mt vtaara ui a r, and S limit < *• • 
Ttaa olaaa of all nuelaar alaaanta la Aanatail by M 
«Ki wa put y(tt) • IttJt S I ttt| IU wtaava tnflnaa la 
l « d L 
92 
or«r all r^r«s«atations« 
C«rt«la laWrMtiag prepttrtim of aueiMur AaMata 
AT* Indieatod by tte Jtolloiriag t 
^*3.17 TflTIf • [20] N la a two-aidad idaal af A wLtk 
t e x iAd y la a aom en N auoh ttet »(xuy} j^ | ix| i iKtt)||yl| 
for aU x»jr c A* ii « N* Naroovor* M ia ea^plato aitli raapaot 
to tlilB nom* 
' • ' • ^ m i U I ( i ) I«*t A ba tHa alfd^ra L(I). 
T e A ia atttlaar i f and only i f T ia a mnlaar aparator. 
(U) Lat A ^ tha algabra / « , TIMB M • /^ , 
I [20] If tt a N, than tte oparator x—> oiu 
I Lot aa abaoaa a rapraMOlation 
« • s ui • 2 llmll < • • m • V si«« 
i«3L i«& 
Kfli i) i 2 IliHll I K l l • ( 2 | | a i l | ) * < - . i » i ^ ** i*4 
0^ ia a auBiaar aparatar*# 
5»5«20 CoaBBI mmfLg i Cooraraa of tba pvoaaadiag THao; 
95 
! • aot tru» wm ia tlw dM« of C «^«If «bn8* Xnd««d, 
3«2»ia ( i i ) btifc ttw flpcrator x—> m i • (( ^ )^ '?^)» 
wlMre m • C^a)* i« auoXMr* 
Hew e«rtala eoodlUoBt imd r^ whieli tte tnte* adAltt 
5«3«21 TlfiWHilt * ^ ^ A to« « ••Mi-prlM awMBh •ic^ ^Nrtt 
• wmi-daniMd tn0«* 
A|^  ^ tte disjoint dMo^pMiUoa of {X*2t ••» a} iadt»«d fey 
Vm •quivalMO* r«iatloa — * ^i *^^ ^^^ '^' ^^ * ' l* 
a ^ v If thtvt •xists •«•• XQ t A siMli tlMit ii«|^ i» •• lt«t 
iM f l i t 
SUM y(fiL) i ( X ii«>ill)' anA ^ vlr«i» 1 Urn ajwrexl-
•ftti«n pntportr i f foU«M tiMit 
3«3«22 2 H U i t C^l l^t A fe« « MMl-prtM Wmmh mlgtlbrm 
tmriMg t ^ f9iUewia« proj^ orty 1 
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6iv«t u c r and t > o, thm tiitr* •aclsts x t r, 
Iix|I 1 ^ ^ •«»li tHat ju • tt or ttx • u» 
£Kfi£ I ^^ ^ >^  giVM y c F and c > o, ttera i s x c F» 
a 
X • S XI, XI s F^ « l |x| l 1X4«« BUBli tbat lof m r» It 
• iiaca,«ar n!prM«i%ati«ttt idtli 
•15. * V 
B « 
*ii./<^V"^^*^A^^"^^^* 
|tr(v)i i y ( v ) iTar v c F. Tharafora, ttm fuacUooal 
V —> tKv) acUdU a yaiqpia axlaoalon m SU Aiao» i f 
w • S !!£ la afly miclaar ripraaaiitatioo, tlMO 
tiitt) • UM trC X ut) • I tr{Mi),0 
3»i*23 MMW • CasD 8i«paaa A tea «»a*p«» 
( i ) Sfeaa arary a t M liaa a waU«*da£lBad traoa* 
( U ) If tt a N ia nUpatant* ttaaa tKu) • o. 
fHOOy t Vltlwtft loaa 9t gaoaralitF iat ua aaauaa ttaat A^  
ftM tlw «pfmalMUM pr<«P«rty for Mtli «UiiMMl i4«ip«t««t 
4 c A* 
(1) For • ii¥«ti tt « M I«t t» eliOM* ft ttOBlMo* r^r—wi» 
tatioa u • X ii|f mtli £ tiuiJt < •• TlMiSi tiit ••!*!•• 
5 tiitti) >M8^  ^ eoiir«fitot* I t i s tttffleiwBt to sDew tliat i - •• 
rroa S VI • o, wi»»r« vi t P^  mad £ i {•« 11 < «• i t 
i«l « * i«i 
lAUowo tlMt £ trCvt) • o* 
1«& 
TIM •^ulVAloaoo roiation —^ on F^  doflnod ^ Vf^^T^ 
i f tiwr* oxists an XQ c A •uen tliat •£ s^ ¥i| ^ o» iadusM 
« disjoint doeovpooition A|| of tte aottirol nmiiii'u oueii 
ttet viv^v^ for i 4 t ii||« Lot uo ehoooo aiaiaol idc^po-
toato % OUBH tint % v^ • ! for i c A||« Lot i^ s • £ vt 
•Ad dofino oa oporator 1% « ^A^) by l^x i« n^x • i t 
i s to »o aotod tliat «|| « H* An ^pUoaUos of LOMO 5*2»IX 
•iMna tbat L|| « ' ^ ( A V ^^ ^TM* Ln • £ tr (n )* i iai« 
o « ( £ Vi) X ^ * W|^3M^« vo got «^ • o. lliortfor»t 
£ tKvf) • o oBd iMooo «o c«t o • £ tti^) • £ tr(v«) 
i<A|| k i-O. 
(U) Zf tt < M i s aUpotiot. tlMa 1% « «(A^) i s ao. itaoeo 
o • trseo L|| aad tr(a) • o*/0^  
In ordor to ostaliiislk tlio traoo forouia for finito 
olOMBta in Banach alg^raa and tias LidskiJ tnoo f onaila 
for aucXoar aloaants in C -^>ai<obraa, wo raquiro aaajr 
additional cono^ta wMeli aro givon aa uadar t 
3*5«24 l»mil«OB t ( i ) Lot U toa a loft (viiHt) idoai of A 
/ contained In F» tte eardinallty of any —irttl ortbogoaal 
/ sot of •mUttl idao^tanu in U (danotad liy e (U)) ia ealiad 
^ «te erdar af li» 
(11) f^ any boundad aparater T on A tba n<Al apaoa 
(danatad iqr WB. (T)) la daflaad by 
(?) . {y « A • ly • a}. 
( I l l ) tka aaallaat aaa •agatlva latat«r a ausb tbat 
(I***) - HttL (T*) 
ar • «• I f no auah n •idats^ la eallad tlM aaeaat af T 
(daaotwi by «(r))* 
(ly) tHa Xaft ( r i s M •uLUpUeaUoa o^antor an A daftaa^ 
fllaad ^ X-tt la tHa flp«ratar vhLeli takaa x t A Into 
AX • itx a A (ra«p« AX • xui a A) and la daaotod by L^.^ 
fba foUoidLns raaOLt aan ba found la ([9]» p. 499)* 
5«3«29 JtgitA • l . a t t t a l l a B d A a S p (a)* flMtt 
5«3.2i UBHA > C20] l«t A » Us) ba tba a l tera of aU 
btiadad llnaar ^aratora MI a Banaeb apaoa S» l*at t a A 
and A a C ba an aLganvalua of 8 wltli flnlta ai«abf«la 
attltipllol^r. roa e (nub ( ^ ^ ) ) i s • « M I to tba alcabralo 
•Mltlpllelty of tba aigaoralua A of tiM dpamtar 8* 
f7 
t Bu^9B9 A to b« tlM aXgabraie a u l t l p l l o l t / of t t e 
A « dia {x t B : (M -S )^ x • e} 
tor A eertaia AAtural nvAbAr $9 
htt n^t Xg » • • •» 3 ^ ^ any basU of tlw sii^ ApAeA 
{x t B I (xx-8)^x • o}* thmf exist runBtiooAis AJ ,^ AJ* •••# 
AQ oa B AUBA t t e t < j^» Oj^  > • e^« Lot us put P^  t« 
At ® Sl* I H M Pi f«NUL ( i i ^ ) ATA AtttUAUy OrttaAiOBAl 
^ ainlaAl IdM^AtantA of L(B)« JIAMA* 
SAAAOdly, If Q^ € NUL ( i ^ ) ATA A SAXiaAl systAA Of 
Mit i iAU/ ortHABOBAlt JJAHpottntAt ttata Qj • b^i^/;), wtert 
^5 A 1^« / J c B, And ( M - 8 ) y j • o« BAAAIMA tbm AlAaontA f j 
tuTA UxiAArly indi^Aadtnt HA gAt, 0 (BtiL ( i j ^ ) ) i A . / / 
i O H i f l l I U t OB 9«it nCXftt) t« e (WIL ( l ^ ^ ) ) * t l M 
n(x,ii) i t AAid to bA tliA AifAbfAlo a u i u p l l c l t y of tiw 
AlfOmfAiklA X C Sp^(tt)« 
TiM proof of t b * f oUotfiag XABAA OAB AA givoa i n tfaA 
AAAA m y AS for TbAorsa 3*^ i a [20]* 
5.5«a7 4014 • i^l U t u c N tfid A t M ^ » X # A* 
thsB tAsrs Axlsts AA idSApotset p(x) t BOL ii^^)^ pM • 
£ PiU)» Pi(^) teAlag atittMOIy erUMCAAil IdAapAtaatA 
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mmh that p(x)x . x tor aU x • WS. (i^.^). 
•^•t a(x,li||) Uply tte aX««br«le aol t lp l ie i^ of 
tho olcoaraiiio X of tat oporator Lk* If x dooa not baloag 
to tiM ffootnia of %• tbm a(x»X4i) i s taktn to ko oqt«I to 
3.5*2S IMI4 t £20] i.ot a c N attt X c % («)• X • o. 
nun a(Xttt) • S aCXy l4i), 
k 
i L o t i i c N a f l d u - S i i i with S } lu i t i < • ho a^r 
i«JL i«l 
nyroatirtatioii of u« By proeodiag iMaa thai^ ia an idaa-
- a(Xta) 
fo tant p(x) a SOL ( i ^ ^ ) atnh that p(x) • S Pt(X) and 
** iiA 
9(X)x • X for a U X c N(& ( i « x ^ * fhr fixad x , l o t ua put 
Ijj • • { i I p ^ ^ %|} (Bjj aay ha a^pty). tfa go t P ( A ) • C S pi(> 
and o • ( x - « f pi(X) • ( X - i ^ ) ' P l (x ) for i a l^* 7haro 
oxiat XI « A auoh t&at PiCx) xi ^  ^ o. Sinao Pi(x) xi^eA^ 
ara iiaoaxijr iadapaodant, it follows that 
iKXt 1%) > Card (Bk) 
Saooadly» i f for VKT aatuval auhhor 9 thoro oxlata 
ft a A^» s • xn,^ aush that 
o • (xl-*l||) a • <x-«j^ )^ a • (x- t t ) \ , 
thfli hgr a9>pl>yii« Laaaa 9* 3*11 wa hsnro 
^ 'pi(x)»«Vo ^ 
a • p(x)a • £ pi(x)x^ • S ' H U ) H V 
iaBk ^^ i i ik < '^•y«Pi<^>V 
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tMmt « • t« t a(x» L||) j^ Card (Bk) andl tiMr*for« «• c«t 
ii(X*u) • S Card (Bk) • C «(^*i||)* 
30*29 t £20] C 
1 
I Sinoa I41 c U A % ) i s • flait^-dlMBtlonal ^fiwmtwPp 
«• g«t 
trmm L^ m i ki a(Xi» 1%). 
Oa thm otlMir iiaad hmmm. 3*5»1X giVM 
Otioi prwadlag X4Mna« va g«t 
k "^  k i 
£ Xl a(xi. i i) . 
5* 5.30 
te a C '^^ algabra 
• [20] U 
and i a t n a n * 
t for a flMd kt i t la 
3* 3*14 (v) taat 
tr (u) 
to aaa uaiat 
Si9PM« A to 
S Xi a(xt,tt)* 
i 
(a»y) • <'a 4 j •/** > for x,y a Aq^  
dailaoa an inaar product aa A^« Xiao froa 
i t foUtm ttet 
(X«JO • i ix | |^ for all x « A^« flwm A^ Is 
• Hllb«rt spaip** Also Ln c ll(A^)« Lidoklj troeo foraoLo 
tnoo MK • S X. ii(\.,i4i)« Slneo tr«oo Mi • S t r ( ^ ) 
1 * * itiik 
oxlotot i t follows froa Lmmm 3«5*11 that tuaro also sxlsts 
trCvii) and traoo Lk • tr(«w)* Also, tha rtprasaatatiaa i s 
snltMi nais i s an aaay eoaaaqusBSs of tbs faet tiiat 
nai^ • V||W^ tor x « A* Ma gat« 
tsi^) • S trC«|.) 1 £ £ Xi n(xi, Lk) « £ XtoCx, ,a) by 
li * k i i 
5.3.28 and £|tr(«k)l i. £ ll«illl < **/Kf 
k i 
g l A F l i f t - i T 
MLSi *f 
MH M faltMuUy ri»rntttt<d M an slgt^ra ot 9$mrmtw 
ca soM jlU.b«rt Bpmm d» BIAM tlM nHBk of tim !«•«• of a 
gltroa oLoMAt of A aoy vaxy mdor dlfforont ro9r«o«at«tioao» 
tlMTofero tiM proMoB of nmtim oooditloos for oa olMMKt 
to iMfo on ap«rator of ICBOMI ronic as Ita iaago mdor ooao 
faltkifui ropraaantatloa of A aaayaaa mmh aicaifloaMo* 
Sootlon 1 of thLa olMipt«r ia dorotod to tb* roauLt 
whloh «aa prorod toy J*A« trdaa [U] indieatiog that thora 
ojHata a faltlifiil rapraaontatifln of A aoah that tha iaat* 
of ovoiy nattwaora alagia aiaaaat of A ia aa aporator of 
flrfl •••• tm BoeUon 2» tHo •feovo roault ia utilisad to 
prora a thaaraa diia to K« tliiiaa (M] vineh goarantooa tlM 
axtataaao af a faitiucui ropraaantatias TJ af A aa aasa 
aUbort ap«to H auBH ttet an alaaaoit v of A ia aa^paat ia 
tlia aanao of VaU £ » ] i f and only i f TT(tt) ia a oaapaat 
apaimtar on j/L saetiaa 5 of tma enaptor ia dovetod to o 
dtti to A.B* Al-NoaJU [a] which atataa that ttera 
•adsta an ^--iaoootry of a prioitiva B'^ -algohra A iato tfao 
aigahra •! haiaKiod liaoar apomtora en aaao Hilbort apaaa Ht 
aoeh that C» tha aat of al l ooapaat alaaanta of A, 
onto tho aifahftt of oa^paot apw^tora aa 8« 
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Xa SMtica k 9i tills cimgtw rMolts •xbLbltlat tiM 
•Jd>st«M« of an iso««trie ^•rtpr«Mnt«tioil « of m C -^
9Hf/lnm A on M M UUbort «»oeo H (eaUod by AotoU owi 
KM«m3iB [9] OS on !•••• roprooootoUon) Hero IMOB 
diooooood* Xt lioo boon OIMKB tDot on oLooottt b of A 
iMo oa oporotor of iwii «»o to ku Aaoto mAor JT i f oad 
oaly i f b i s o l-diMooionoI A •••at* Horooror* ttm 
ooooop^ of opprosdMitloa WMbors io oloo toluo ty oad i t 
lioo boon iadiomtod vmt opprosdiaotioo naobon oorroopoadint 
to o oo^poot oLonont in A eoiOBidoo with B\»h mtoboro of tht 
KZml fte fOUooiag nototlons %«ill bo uood la tho oo^pol. 
XHo sot of finito suns of siaglo oioiMots of o c""-
oig^rs A» iHaon foms an ^«idoaI (UMa 3.2*2)> «iU bo 
donotod bf s oad i t s oloouro by s* 99w s^y nsa^ooro siaglo 
ils^pntMit o wo put Ho for ttao IdooX Ao ooasidorad os a 
Hiibort spooo. ifOt uo doooto tiao sot AoA • {aob t a«b c A| 
by ^ • tbo sot of finito suns of oioaasto of «^ by So and 
tno oloouro of So by S«. Tbo opomtor x—> < x» p > f 
wiXI bo dovotod by p^ ^ Obviously 8« and S« aro two* 
aidod ^.^dools of A* 
Tho foUowiag dofiniUon i s duo to J*A. Srdoo [U]* 
^2*2 fllfHtlTIOl^ I i^t us doflBo tbo roproooataUon / « of 
A iato tbo alcobrs of boundod littoar opia«tors oa H* by 
€3 
Xt i s mmihg aMa tiMit / « i« • r^r—itaU— 
i t foilovs tint ^ i s atfjoint pr«««iviiii« 
HHgafillm BlagLm •IvMots of a e''<HAt*ni A aai 
tm* riiprM«it«ti«a defined §i»w tbm XoiXcwii^  r«AuLt taM 
bmmx prw9A by J«A« iSnles [U]* 
^^•5 T i i f * If • i* « tii^I* Ammt of A tlM /Jim) 
has voBli ooo or soro. ^ory mik ooo oporotor on Ht io 
tko iaago mlor / ^ of ooao o i i^o oiotMQt • of A« Aioo 
i f o t o ^ t i ^ i l l / ^ C o n i • l U i l . 
UBSOL > 7i>* nat* of /^(o) io sAo «B4 i f • io oii«io 
oAo io aoro or ono diMooionoI ^ Xhooroo 3»2«i* 
^g(o) IMO ronk aoo or soro. Lot p oaft t bo mn iforo 
•ootom of Ha* ly tlM dUrtiAltioa of inner produet on 
Ao • H« (TlMor«i 3«a*9)t for X c H^ wo boro 
p^x • < *Xt p > o OB4 BiaBo q • %•# fp^t o~oad wo taoro 
/^(v"")* • v^x • < X, p > % 
lionoo /^qp^) • p (g>q and ovory raaii ono oporator an i|a 
io of tnia fom* 
It io to bo notod tbat i f oilb ia n nan ura bI«Mait 
of 0;^  tban aabb'^ a ^^  o aa 0 io aiagla and bonso /«(aab} ;* o. 
Umt for •njf iioB««oro olanant a of 9^ «o 
- w Cll /;u^s)K|l t s«a«, l l s l l i i I 
• tiV {{{•''•xlj I X c A«, i)x)| i 1 }« 
Uaim U n « 5»2«5 wt ta«r« •''• « kf wntr*, as t f o» k 
i s • iioo-s«ro ooqpilsx maotosr and f i s a iioi»»a«ro siofia 
sal^-adjoiat idaapotsat* Siosa 
llfll - ll<*ll - ll«*ll • 11*11* 
ii«Uaa tHat I if)) « 1 «kA baMa m takUig aanw 
ii»*iii - i i » i i * - iiitfii - im. 
)l|^(«)ll'<-*«« OkUiK^II I x<Aa. llxli 11} 
Baeauaa f t Aa» ttmrm axista f t A% ausH ttiat tf i^ •* 
iMOnt X • xy/||iir|| ^ g^t It /^^U)!!* I W - lUil*. 
But aiaaiiy |) /^(s) ! ! 1 | l«il i^ IMOM fM^ aU a C O^, 
^ • • • t | i /^ .U) | | - lUIUiT 
Tiia taUaMiai daOniUoa niU ba iisaA in tha saquA* 
^ 2 . 4 MnglTItffl I A aaa-sara rs^raaaataUM /^ af A an a 
fliXbart ^ aaa H ia said ta ba irraduaibla (tapa^agieaUy) 
iC for aU non-sara b in i|» (^(a)li t a a A) ia daoaa in H* 
^•^5 T^ fWh^ dfcflY * /'^ ia irradyaibU. 
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teftlM.* riprM«BtftUoa of A on a iftXb«rt tpMo H vHUli U 
net neo—Tily adjoiat prMtrriaf aiKl for eooo olaslo 
•iOMot Ot /^(o) fi o ttea /^  i s siaUor to f^ wiwm • io 
tiio sioiio oOLf-otlJoint irttupptiit mmti thot • • to. If 
^ io oOJolat prooorviaf ttaM ^ ia uaitorUy otulvoLoat to /^ «^ 
I ftiaoo ^(0) - ;^(.o) - f{») fim) f o, ^(o) i s o 
idM^otont oa K* MMo ttero oiiLoto • vootor h la 
H oueh tJMt I IHl 1 • 1 owl (•) h • h. l.ot «• 4oflM tlio 
opoitttor T f n a do to II ^y 
/ i t oontiaiioiiif tkoro oxLoto o positlvo ooaotaat 
MMHtlMit | | ^ ( o ) i i i k l i o H . HMO ilTxil I k ilxlU 
Alio OS X • xo, x^x • xo for ooao oeaotant k ott4 
ilXklt • \x\ . 11x11^ flitroforo olaco \\ f{%^)\i 4 
k||x*|i . k j l x l l , llxxjl - | | ;^(x)h| |2:k'^ ll«ll f t r x o B ^ 
I to irosforoUoftA, ^ ( o ) h « ^(o) ^(o) h • ^oo)lw oad 
alMo ^ i s irroduoiblo* tte oot ( f{%>h 1 x t %) U o doaoo 
oubsot of H* frtm ol»oro» tte oparotor wifptai / ( x ) k ooto 
H l o inJoetlTo ood botaMoi on tbto doaoo oiAoot of ii» 
iioaM i t «oy bo oxtoBted by eontlnulty to o boiMdod o^mtor 
froa U to Htf wliioh io tte iavoroo of T« Itea twt aXl x • iot 
r^fimi Tx • f^ f(ox} h • ox - 4 (a)x oaft tiMo f im 
oiailor to /«• 
It fkB idjolnt 9rTfVag i t ! • AUtOMitleaUjr 
ooaUauous aad U /^(•)U 1 11*11 for aU a la A U9l« 
i«i*7). FiitU^ k«l in •b«¥« iaaquUitlM Uom ttast la 
this eM« T i s iMMtrle and invartlU.* aoA thin T i s 
uaitaiy* wtaUli e«vi«t«s tiM 9t9^*ff/ 
^^•7 flEttUU&X * ' ^ •"/ afli»-««ro s lnd* alaMat • of A 
tiMr* i s oas and oaiy oas unitanr aquivalsasa aiass ifi^t 
irrsdueit^.a (adjolat prsssiviBi) raprsssatatioas si»li t tet 
|^(s) tpt^r ft ifh AXss iX ft if^i turn / ( s ) Has 
iwkcaaaad \\f{m)\\ • l i s i ) . 
fisUoniag i s ttaa aaia rastiit of tats saetiea piwrad 
fey J*A» Irias* 
^2.« m m > !!>>***• •>l«ts w isoaatrie ryrassatatJsa 
of taa C -algsl^ra A sush that tHa iaaga oX aaoh aoa-aaro 
siaiia aiaaant iias raBk 
i l . « t { C f y l i y « r i f e a t l i a s a t a f a U uaitaiy 
•«iival«Ma alassas at irrsdosifeia rapf«aaatatiaa of A» 
vasra T ia aa iadax aat* 4«at us daaata by {/^ ^ t v a T ) 
taa aat aoaaiatiag af oaa n^raaaatativa fraa aasa a^uiva-
laaaa oXaaa aaA iat H^  fea tkia IttJLfeart spaea «f / , . Kaw 
dafiaa a HUbart apaea H aad a rtpraaaatatioa yc af A oa 
Hfey 
r[(a)- * { fJi^) I » t r h 
if 
{ fl t t % t\ ot imOimiMlm r«pr«MBt«%ioas of A SOBII 
Sine* tta* oppotit* tntqwUity teldt for oU roproooiw 
toUoM (ooo 1.5.7 of £9})t « io is«Mtslo» 
OOiag CoroUoiy 4»2«7« for aar •iw ••to oUglo 
•iMOBt • of A* /^y(o) f o for oxMtl/ MO V oad for tiao 
y» /^(o) IMS nMk wo. TlM(r»for»« 71 (o) luo rMk 0Mi»4f 
TIM foUowlag roouLt «m«ii suorontooo tbo oxlotVMo 
•f ID ioosotrlo ^-roproofltttotion of o C'^ o^lsoOro A oo o 
UUbort spaoo H prtsorvim coiyaotiiooo oad flaito* 
dtotttMBonty of olMoato of A ooo proirad by niaan C<9]« 
Noro praeioil/ vo hovo ttot foUowlog i 
^ ^ 9 a n B I Lot A bo o c'^-olcibnu tiMro osAoti « 
iooBotrio * *rnproo<atoUttt If of A M o Hilbort ipooo • 
Buah Umt tt t A i s a ooapaot oloaont of A i f ondi ooly i f 
Tr(ti) i s o oaupMt «porotor oo H« furthiwaro Um iiaoor 
«{povot«r X —> um OB A teo fiolto mK i f ood mXf i f 
3T(«) koo fioito radu 
01111 t flUPifljrv «o sfeoir ttet thoro i t on 
'^•raproooBtoUon T T ^ A ^ mh tbotTfCtt) i« o 
itMT t9r tMh It • C» tPd Tf(ll) taM £ U i t « ffHBk i f 
u t r« THIS i t ei«ar i f s«ro i» tiM oaiy eo^^aet a lMtat 
• f A* • • ;i«t ue MMMM tliAt A taM « ttaB-Mrv e««pMt 
•^t iwt> ttaott A is a C^-«lf•&»» tto aeel* ef A eoiaeidM 
with F ([27]t ThMTMi 9»I) and 7 « C ([27] • Thtmrmm 3«10). 
Hwat i t foUowa tHat tlia aaala af A axiata aad eaiaaitea 
it ith r aaA i t a ao«a eiaaura a M U C* QJHvafara ky vtrtita 
oi Ttiaaraa ^2»a and Lmam 5*2«10» tliara axiata an itaaa-
t i l a ^ -rvpraaaatatiaa Tf af A an a 4i i lMri apaaa it a««h 
tiMit Tr(tt) kiaa f in l ta raBk for aaah u s r, md Tf(ii) ia a 
aqiyifit oiparator oa H i f a « C« 
Comriraal/, i f TT(ti) ia a aipafjt aptratar (raap» 
liaa f in i ta raiik)» i t ia a ooapaot aIa««ot of T [ ( A ) (raap. 
«ha o^arator T—> ir(ii) T ll(tt> an T[(A) l»a f io i ta 
rank) uaiat Tlworta 2«3«2 and tMnea u a C (raap* u t r)«i 
4 , 5 a la tlOa aaaUan i t wUl toa alWMi that ttara axiata 
m ^-iaaiiatiy of a pr i iauva B^Ocahra A iata t l » 
alcahva af ^auadad l iaaar apamtava an aoaa HUbart ii^asa 
H autH t t e t C» th9 aat of a U aaapaat aiaaawta of A ia 
aapspad onta ttoa ai«atora af aoa^^Mt apantaiv as • • 
l a ttw aaqui^t for a givan Bananh apaaa X tkm 
aftfibra of baaaiad llwaar aparataaa en X v i l i ba danotad 
Iqr L(X) and tiia aidialgabra of eaapaat aparatora on Xhf 
K (X), 
Bafara prorias tba abova aaotiaaad rtaiAt aa 
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•vtth t i a t C iA e« THitt A eontaixM aliiiMa. rMUt ( I « f t ) 
I XX (]^} c C U « taquMM* Md i^—> x t iwi t te 
itMT noia to tn* «p««B««r a—> « » • iiiM« tiw l« t t« r 
i s ««apaet aadl tteM x c C tiMt is C is elossd* nm 1st 
• )b X c G» tbsn xAC C* TbLB i s so bsesuss ttas mt^ • — > 
^miv is tbs eoaipositioo of tiM as^* • —> / • • • — > MX 
mA m—> sir SD4 tlds is eoapsst ss • — > xsx is so« It J 
i s tlis siosurs of xA ttasa J c c as C is eisssd* Hsass J i s 
s ooqpsst IsniBh siifltors, ALsot J is not s rsidissl slgsbrs 
siass A is ssai-siapls** ttosorax 4.5 i a [1] statss t te t iX 
A is a eoapact BaMSli algsbrs wliieh is not s radieai 
aiisbm tlMO A oootaias a aoa-saro idsi^otsat a aiam t te t 
aAs Is rinita-MliasBsiQiialt wa gat tbat J ooataina aa 
i i f s t i a t a auaH t te t mJm is f in i ta»dia is l smil^ But a « J 
i a ^ i a a that aA c: J , haasa aAa • a(aA)a cz aJa« Thartfora 
aAa is fioita-fliatwaioaali wiiUii iapliaa tHat a kaisiMis ta 
tha saala of A aOag tUsaPM 7*2 of iX] vi^ah a^rs t te t for 
a asB-saro alaaaat x of a aaat«aia«la Baoaob algatora At 
ttaa aporatar a —> xsx (acA) Has Xioita nak i f and aaly 
i f taa soela of A axiata aaA asataiaa x* Haaea tha soala 
af A is noo-saro aad Haasa A Has atntaal fight aad l a f t 
i<taals«i 
TO 
•utth t t e t C ^ o* fiMB tliart •Hats aa ^ - iaoMUy at A 
into taa alca^ta UM) Xar M M Hlibart « • » • ll« Bmh ttmt 
C is sappaA attta X(M)* 
• Br Lmmm i^SmZ and ([2I]« Lawa ^.xo*!) milab aaya 
ttat i f in aa arMtrary ^-al«abfia A x^'^ x • a i i ^ i a a x • a, 
X ia A« t lwi araiy a iaUai l a f t idaai / i s A ia at tlM 
faia i « A9» vHara p ia a ii«i«i« iMiaitiaa idaapotant* A 
aiaUar raault liolda far rigUt idaala* Tbarafora, a aiaiaal 
praJaeUaa p i a A eaa ka faiMi* U&t d ttm Urn Baaaali apaaa 
4p« XIMB i f Xtf a M «a imrm f*x a pAp vbiah aoaaiata of 
aaalar aiaitlplaa of p Bjr taa Oaa!faod>.Hasur t l iaar i t Lat ua 
dafiaa aa iaaar prodoet a a 4 ^ < x » ] r > p « / * x ia t te 
ttaml wa/* Horaovar, H ia a iftlbart apaaa with rmpmt to 
tiiia iaaar produets aad tim aom of d ia aquivaiaat to taa 
aaia iataoritad fron A iiaiag (£2I]» 4.i0w6)« 
•aw i a t ua dafiaa T[ froa A iato U a ) by T\ (x)(a} « n 
UMB T [ ia a oootiaiiaaa ^ -rapraaaatatioa af A aa H*» aad 
TJ ia faiti ifui aiaea A ia prialtiva* Also ainoa a W^» 
alcibrm tea a uaiqMo aom « i t a t te •^<-prapavtr» i t faliawa 
t t e t T[ i a aa iaaaatry. "^  .^^ 
I f Xt/»a c Uf tten T \ ( ^ )(a) • ip^a « < a,y > x « 
(x (^ / ) (a ) . QHia TTtA) tea a U t te sparatara of f la i ta rank 
aa Jit Siaea K(dD ia t te eiaaura of fiaita-raak aparatora» 
aad T| ia aa iaaaatry* ii^iUaa t te t K(H) <^ T\{A), It 
n 
2*5«2« Tter^ort , tiM laap TT(y}—> T 7T(r) T I t eoapast 
en TT (A ) . AS K(ji) Q T T ( A } vlileb l4pli«s t te t k • Tr(x) 
for ft«M X « i l , aadl tlw asp JVif)—> Tr(>gfx) i« e«ipM% 
•a Tf (A). iitQD«» t te a«p y — > lyx «iileb i t tiM •o«fotltioa 
«f y — > TfCy) —> i r ( jvx) —> lys is eo^Hist «B A, isyliss 
tlist X i s es^psst i«s. s c C* S ^ i &(iO ^ Tr(C)« 
b«t us not* ttast i f JCty £ St tlMNi 
t txi l SIB, I < • . r > | • | ( « ® y ) | • I T r ( v O | . 
asm for UH)* MMSS i f y # Q tUsa ths • •» x—> iiiqrll 
i s • aora oa A wnieh is •qolvalsnt ts ths oricinal aors of H. 
Now wo stow tliat Tf(C)c^ K(X)« fo tlAs sad, lo t x c C 
sad (sn} bo a so t^isneo la tbo uait boll of li* Lot as obooso 
y s H st»b tbst yx ^ e* Tbsa (a|^} is o boaatei ssjssnss, 
mA siaoo X s Ct tbsro oxists a si»ssquonoo (s^^) swsli tbst 
{x Sg^yx} eoi»r«rgos la A« As yx # Ot wa sot tbst 
( ^ ( ^ < W ) * ("*iA^ ooonroiios uslag tbo oboonrotioa aodo 
pi lar to tbls psragrspb* fbas* TY(X) is s ooapsat spomtor. 
ioT[ (c)^«(a) .45 ' 
^ ' • ' ^ cauaLLaa t i f A is s prlaiUvo a''-olcsbn tbaa C, 
tbo sot of ocupsat olsaMts af At is sa idool and is oqisal 
ta tbs elosuro of tbs soelo of A. 
Xa tbo eoatoxt of C^-alftobras wo bscro tbo followiat 
n 
rMULt provsd by A«t«U and MaMMilaa £3]* 
4.II.1 jymi t L«t A )>• « c''.Na««bn «ai b « A. 
Wt us UtXnrn t^ I A—> A •mti tiMt 1l|^ (x) • teito* x c A* 
b • o wbtocvMr rank 1^ • •• 
I Man T^  • o -> t^i^*) • • ^ b''l^(b'') • e *» b'^ bb'^ b • •. 
I«ft la • c''-.«I««bni l |b| l^ • Db'^ bb^bll and tmmm %tm r—ult 
A.4i,5 pgmtlQil I [3] Xa • iMMftb alcabrft B, Tor b c B* 
a ttaplax mwbir x i s ••Ilsd an aifaavaius of b i f tbars 
•Jdsta a c B auob that ba • Xa. sueh an aiaaiit a i s ealXad 
a x«»aiganalaafit of b* 
HM auitii^ielty of tba aif anraltia x af b ia B ia 
dafiaad m» tba eardioality Qf a —xiaal sat af orthoooraalt 
hafaitlaa, i-dia«nsioaaX> x-alssnaLaasata of b« 
1h» foXiowiat rasuXt whlob i s a aodifieation of ttaa 
raaiats of Bfdaa C^] «•• prevsd bf Aatala md Raaaaujaa [3]* 
^ ^ ^ MMMBM s Lat A ba a c''«aX«abim. Tbsa tbara axlats 
aa isaa«trXe ^-r^rsesotatioa TT~ef A aa a HiXbart spasa 
H aatiafyiai tba asaditloas i 
(a) Ra«b •^{h) • X (ia H) i f and only i f b ia a X* 
diasasioaaX aXaoaat ia A i 
Ti 
W A wuabwr x c K i s u igmmXwB of to e A i f «i4 «al]r 
i f i t i« •» •ifoaraluw of ths «p«r»ttr Tf (b)« WcroorT^ 
OBSSL * ^ ^ iMMtrle ^ '-n^rwmtaUm MtitfiM tUt 
only i f pwt of (A) I » i i i i o » i f rmm T[(1i) • 1 ttai 
•iMfftyt rwHi 1^  i. !• t tou^ siaoo b ^ o wo got ttet rook 
1^ « 1 i . o . li i s Xodiaoaoioaal uoiat U M A 4 , ^ 1 « 
CMr«ro«ly» to find a roprtsoatatioa j[ as ia port 
(«)« Xot \m aeto first tbst bf oosfctnlni Tteorss 4»2«8 and 
IwMiB 5«2*iO «fo got tlio foUoMiaf t 
Tftoro oxists an isoaotritf ^ ^rsprosontation 
T[ I A—> Uii> auBh ttaat T[(b) i s m spoMtor of 
on H wiMnoror Ato i s a aiaiaai ioft idaai in A. 
to provo part (a) i t i s suffioisnt to SIMW 
tliat HI i s nininsi for oonb X<-diaoaaioaai oloMnt H ia A« 
ThM^fors aSMMo b to bo so* Vo slain that 
(b^b)* • x(b*b). X > • C^) 
I t i s to bo aetod tbat a • b'^ b i s l<-dinonsionol 
and positivo sad a' i^  Ot a ^ • i tiMrofors «• got» 
Za(a^) • x^ U Ca)» X > o t i*o. a^ • x V . 
(-)^ ) i s obtaiosd on taiciag oubo roou* 
Now, Xot tts dofiao f • X*^  a • X*^  (b^b). Cloarly 
n 
t U li-4ijmm»Looalf temlUaii and i(l«9o«igt i Also* 
ih^tfi^^t) m b*b - ftf*b • b*bf • fb*bf - o, 
atno« b • bf • ftorpor* Ab • Abf <^  Af • ilb^ b c: Ab Md 
flaa&lrt •iae* la « C%a4<bi« tb« •#aur« x' of 
Mo-trlvial IdMl X dOM not voniob (£27]» L«MM 9*1)» tlw 
•laiMUtir OX Af • Ab iToUtfra trm CoreUnfy 2.X.9 la [21] 
iHdob • • / • tlMt i f o lo o aiaUoX ite^ioUat in a BM«tb 
•Ifobrt B» tboB B« (r««9* «B) ! • « nlaUiol loft (ro^« rlgnt) 
idoia. 
(b) «o obooivo tbot ttao Hilbort ipaoo H eooetr^jotod in 
K2m% taM ttm feni 
H • ® Aoi 
icX 
• it oi € Xf oro i«diflMiioiooiI» boi«itl«a» idoopotvit 
oioMAto of A, a^ r ftaoMroB $»2«9 otsli idool Aof i s o 
dilbort ipooo* Aloot tte r^prmmttrntkoa T[ bM tbo fom 
T • ,•, A 
r' 
i«I 
1 t A —> UAoi) i t tbo r^pfooontoUctt 
/^i(o)X • «K » X t A i^ 
m r i m — r O f by tbo doflatUoa of ianor produot in Ao 
(too tbo doXinitioo proooding TboorM 3«2»9)» two ol 
IW • « d« oro ortbotoool if ond only if g^b • o* 
1^ • (b t H s TT (b) h • XH, b 1^  o} 
il^  • {x « A t bx • Xx» X fb e }• 
« d l e t ys tdM m b t Hj^ i tbm b • ( •••• bj^S • • • ) • 
0»iia« I^ • {i c X • 1^  fb • } . a«eftai« bl • bi •! (•! U 
IdHiiBtint) aaA sine* la tta* tt4«s*» •ooatruetlon (••• 
TbiWMi 4*2«3» 4»2«6 tad Um ^•tinktlmk of « la fbaorva 
^2««) • ! A«j • o i f i ^ 4> vb M^r« 
bib) • e. i f i ^ 4 (^  ^ > 
Mn Xtft m 4bfia« fi • bibi » i • X* 8iiw« cMb H i s aa 
a l g w l tawit af bt aaeb ft i s also m aigMMiaasat of b. 
Alsot br (^ *)• t>^ '!*• ara artbsteaaX* Cisarijr tbar 
ara alaa i-diaaasisaal and bataiUaa, as bi t Aai aaA i 
i s i rttainslinil* Mwm tba aoiaalissd fi*s fom a part 
aX tba baais (• aasiaal ortboaofaal sat of baraitiaa 1-
diaansianal idsapotvits) of A^» 
L9t if- m (»J)jgx * ^ ^ •^^ ^^^ fei • a, i # J» 
1^ • b. • Xf aaw oos can fiad f s U^  «itb g ^ a and < g» 
for avaiy i • X^ » tbw 
g^ k^  • o for wrf i s Xt {* iti^) 
Haw Xat us put bi • gj^ g^  # and aoisaXisa i f g|^  # a. nm 
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kj^fj • o for «I1 1,4 vad tkm part ial basis 
( f^) in A^ has ba«i aniaivad. CoBtiauitts tms prooaaa wa 
astablish a X-4. eorraipon(iaaoa» i«a«» ta^—> f^ ^ toatvaan 
t te baaia in f^ and part of a baaia of i^. 
Ott tlia etbar bamit aa aigajanralua of b is aa 
aicsBraiua of Ty(b) «i tb •u l t ip l lc i ty no sraatar than aa 
aa aigamralM of J\ (b)« Xtaua tba proof of (b) ia o a i ^ a t a . # 
Tba foUoMliv dafiaition ia dua to Astala aad 
^ M OWnUTIOII s fbs raprasaatatisa s» triMsa ajdlstaaaa 
Itas baaa aboaa ia tba praeadiaf tln>ffia» is eallad aa 
Srdos r^praaaatatioa. 
^**»^ U t t t t t Lot b < A ba a oa^past alaaaat, tb«i b b 
i s also eoivaot aad aaMa naoraa 4*4»ii aad tba apaetral 
daasapoaition of Hamitiaa oparatora ea a jft lb^^ apaaa 
jriaLda» 
b% • £ ) { a|^ » x^ ^ 1 ^ > •••> e, (X) 
il<MO 
wbara i^'s ara ortma»f«aI»saLf-ad4oiat aad X •diaaaajonal 
alaanta of A* Coaaa^nwitiy ib| • (b^'b)^^ ia aaqpast. \ 
also Iwra tha foUoviat • 
^ ^ 7 ffM^na^ t [3] L«t b e A l>« eo^9Mt and 
|bU V i^ ^ • • in (X)« TIMS 
vtert Moh dL«MBt b«^» k « o*if2 • • • • is 1*ittBtn»lcwl 
vite Itb^li - V 
JOSQl < i-^t « • A —> Ua) b« to Sr(lo»->r^rMM««UM. S1M« 
|«Cb)| • Mhfnib))^^ - («Cb*)« (b))^* - (.(b^b))^* • 
•(b^'b)^^ • «(ibl) tm «(b} bM ita polar d«eM9MiU«i 
«(b) • U i 11(b) t wagat, 
«Cb) • (l«(ibi) • U ( S A^  ^ ) • C Uii(lbl) n (a^) 
• lUba^).^/ 
^4 .8 lioyi I XX b a A la a flolta-dlMiialoaal alaMiit» 
II 
ttaan )b| la bf tha tarn b « £ A|.a^ far aaiM a a » • Tte 
raak or dioaaalen of b ia daflnad to ba n, tba aHaibor of 
aisooraXuaa of ib)» with ttuIUplicltlaa talun to 
iato aooeuat. Wf Fropoaition 4»4»7 oaob ri'dtaowataiMil 
•iaaaat eaa bo wnttaa as the ana of a liaoojA/ latfapoaAaat 
I rtiaistsnal olaMnts, Alao* i f « t A—> UH) ia aa 
ar<ss roptvsaotatlaB tlMS raak b « rank «(b), tba uaaal 
ffaak of tho oporator a(b) ia i.(U)« 
tte foUowiag raault coaaaots tba approadaatioo 
^f kiX 
•.>-^^&7..S 
^ ^ 9 TMIWil I £3] L«t to • A b« ea«paot anl | b | , (X^ 
aaA i9^) M In (!)• Thm 
•nCto) • A^ t vlMTt ^(b) i s tut a-tti i^^ ffiMMMitlott 
» of to, 
Frm ProposlUon ^•4*7 v« g«t b • S b*^* wbtrt b*. Is 
l id fwi lmi i l I ttMB X « S b«w liM raak a and M . i f 
» • • * 
s(li) • (MCibU i s tiM p«Ur r«9rw«iteU«i bf «(b), 
• u U ) l U s ta^li«il S il«(li»|>«(0|| 
But siiie* K^ 2L \I«X ^ *** '''^ >iae« tl» m^'B mr% 
•rHiwiBwal» v« g«t a^ Cb) j^ x^. 
Xb slkow tbs rairarsa ixiaqaUitr* *• not« tbat tb» 
i » « n t e n <(a^) ar« of tha foni <C«|^ ) • 1^ (^  ta,^, 1^ c fi» 
k « V wbar* 
' (b®b')/ • < b ' , / > bi hth^i^ c m 
«(b) • U £ X|^  ii(a|^ ) • U S A^(9 h^ 
• I A^ (a(b^)) (^ V 
Blaea tb* Mts (1^) and (Ul^) c a ara ortbaaanal it 
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foLLeurs ttet tte di«t«ao« of «(b) to tiM rsalt-a op«nitor» in 
rer •aeh n-4|ji«asloa«L olaMat x « A* 
4.4SX0 ir^ TWH^ tBT < U « t A—> urn ! • •» ai*AM riipf<M4 
tati«M ttiA b < A i s e«9aet thai 
•0 
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